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Chapter 1

Introduction

These are the notes of a lecture given by the author in the summer term 2007 at the FU
Berlin. The goal of the lecture was to present a detailed proof of the regularity result for
two-dimensional geometric variational problems which was obtained by Tristan Riviére [27].
In doing so we had to introduce the so called Hardy- and Lorentz-spaces and study their
properties. Moreover we gave a proof of the gauge transformation result of Karen Uhlenbeck.

The author would like to thank Klaus Ecker for giving him the opportunity to give this
lecture and he would like to thank Carla Cederbaum, Michael Munzert, Mariel Saez, Oliver
Schniirer and Felix Schulze for their comments.
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Chapter 2

(Geometric variational problems

In this lecture we are mostly concerned with regularity properties of critical points of two-
dimensional geometric variational problems. Before giving the general definition of these
variational problems let us consider two very important examples. As it will turn out later,
these examples already contain all of the difficulties which one encounters when studying
regularity properties of these variational problems.

2.1 Surfaces of constant mean curvature in R?

Let © C R? be a bounded domain and for u € C?(2, R3) we define the functional

1 2H
Ey(u) = 2/Q |Vul|?dz + 3/Quux/\uydz, (2.1)

where |Vu|?> = |uz|?> + |uy[?, H € R is some constant, dz = dady and for a,b € R® we let
ahb= (a2b3 — agba, asby — a1bs, a1bs — agbl). The term

1
V(u) = / Uty A uydz
3 Ja

may be interpreted as the algebraic "volume" of the surface parametrized by w. In fact V' (u)
measures the algebraic volume enclosed in the cone consisting of all lines joining the origin with
u. (This is clear for u of the form u(z,y) = ax+by+c, a,b,c € R? and for smooth surfaces this
follows from approximations by polyhedral surfaces.) Next we calculate the Euler-Lagrange
equations of the functional Epg.

Lemma 2.1.1. Let u € C%(Q,R3) be a critical point of the functional Eg, then we have for
all o € CX(Q,R3)

0= / VuVedz + 2H/ PUg N\ uydz. (2.2)
Q Q
Proof. Since u is a critical point of Ey we know that for all ¢ € C°(Q, R3)

d
S B (ut 1o)== 0. (2.3)



8 CHAPTER 2. GEOMETRIC VARIATIONAL PROBLEMS

Now

1 t2
En(u+typ) = 3 / \Vul|?dz + t/ VuVedz + 5 / IVol? + V(u+ tp) (2.4)
Q Q Q
and for the volume term we calculate

3V (u+tp) = / (u+te)(u+tp)s A (u+tp),dz
Q
=3V (u) + t/ (Puz Aty + upg Aty + uug A py)dz
Q

+ 2t2 / (upz A oy + Uz A oy + 0z Auy))dz + 33V (). (2.5)
Q
The last two formulas guarantee the existence of the derivative in (2.3) and we get

d 2H
%EH(U + t@)|t=0 :/ VuVedz + 5 / (Pug Aty + upy Aty + uty A @y)dz
Q Q

2H
:/ VuVedz + 5 / (PUuz AUy — @au A Uy — Qyug A u)dz
Q Q
2H
= [ VuVedz +2H | @uz A uydz + 5 O(U A Ugy + Ugy N u)dz
Q Q Q

:/ VuVdz + 2H/ Pug A uydz, (2.6)
Q Q

where we used integration by parts and the facts that aAb = —bAa and a(bAc) = —blaNc) =
—c(b A a). Altogether this proves the Lemma. O

We see that critical points of the functional Ep are solutions of the partial differential
equation

Au =2Huz Nuy in Q. (2.7)

Up to now this equation was derived under the assumption that u € C?(2,R?). But from the
definition of the functional Ey we see that it is already well-defined if u € W12 N L>°(Q, R3)
(here W12(Q,R3) is the Sobolev-space of maps from €2 into R? whose first weak derivative
exists and is square integrable). Moreover the weak formulation of equation (2.7) (see (2.2))
is well-defined if u € W1H2(Q, R3).

As a remark we like to mention that critical points of the functional Ey do not necessar-
ily represent surfaces of constant mean curvature in R3. This is only true if the surfaces are
additionally confomal, i.e. they satisfy |ug|? — |uy|*> = 0 = ugu,. For more on surfaces of
constant mean curvature, including existence results, see for example [35].

2.2 Harmonic maps

Let u € C%(Q,RY) and let g;; € C*(RY) for all 4,57 € {1,...,d}. Moreover we assume that

g = (gij) is positive definit and symmetric. Then we define the Dirichlet energy
1 o
E(u) = 2/ gij(w)Vu'Vul dz. (2.8)
Q

As above we calculate the Euler-Lagrange equations of E in the following Lemma.
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Lemma 2.2.1. Let u € C%(Q,RY) be a critical point of E, then we have for all 1 <i <d

Au' + % Vul Vu* = 0, (2.9)
where we used the Finstein summation convention and where I’;k = %gim(g]‘mk —l—gkm,j—gkj,m),
(g = (gim)_1 and 9im.k = %gjm-

Proof. As in the proof of Lemma 2.1.1 we calculate for all ¢ € C2°(Q, R?)

d
0=—B(u+tp)l—o

| .
:/(gz‘j(u)VUZV@] + §gij,k(u)vulvu]¢k)dz
Q
: A , 1 ,
=— / @ (gi (u) Au 4 gi; £ Vu' Vb — igik,jVuZVuk)dz. (2.10)
Q

From the definition of I" and the fact that the last identity is true for all o € C°(Q, R?) we
easily conlude (2.9). O

Again we remark that the Dirichlet energy is well defined if v € W2 N L>®(Q,R?). More-
over there exists a well-defined weak version of the equation (2.9) in this situation.
An interesting special case of the Dirichlet energy is given if we have a smooth and compact
d-dimensional Riemannian manifold (N, g) without boundary and a map u € C*(Q,R%). In
this situation the Dirichlet defined above agrees with the Dirichlet energy for the map w in
local coordinates.

2.3 Two-dimensional geometric variational problems

In this section we consider critical points of more general functionals. More precisely we study
functionals of the form

E(u,Q) = ;/Qe(u(x),Vu(x))dac, (2.11)

where Q is a domain in R? (wlog containing the origin) and e : R? x R?¢ — R is C! with
respect to the first d variables and C? with respect to the remaining 2d variables. Additionally
we assume that there exist 0 < A < A < oo such that

Ap|? < e(u,p) < Alp|?, (2.12)

for all (u,p) € R% x R2?. Moreover we assume that E is invariant under homotheties and
rotations, i.e.

E(uo¢,Q) = E(u,Q) (2.13)
for all u € C1(Q,RY) if ¢(z) = ra, r #0, and Q° = 1Q and
E(uoV¥,Q) = E(u,Q) (2.14)

for all u € C1(Q,R?) if 1 (z) = S(0)x where S(0) = < cosf sin¢ )

—sinf cosd
In the next Theorem, which is originally due to M. Griiter [16], we classify all functionals
which satisfy the above conditions.
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Theorem 2.3.1. Let E(u,Q) be as above. Then there exists a positive definit symmetric
matriz g = (gij)ij=1,...d end a skew-symmetric matriz b = (byj); j=1,...a such that

E(u,Q) = ;/Q(gij(u)VuiVuj + b () det(Vu', Vud ))da. (2.15)

Proof. The proof is taken from [20]. Using (2.13) and the transformation formula we calculate

/ e(u(ry),Vu(ry)r)dy:/e(u(x),Vu(w))dw
o

Q
= /Le(u(Ty),Vu(ry))TQdy. (2.16)
Since this is true for all u € C*(Q, R?) we conclude that V(z,u, p) € Q x R x R?? we have
e(u,rp) = r2e(u, p). (2.17)
Now we differentiate the identity (2.17) twice with respect to r and let » — 0 to get
1 o
e(u,p) = 5y i (1, 0)PL P (2.18)

Next we define Agﬁ(u) =€, i (u,0) and AY = (Agﬁ)aﬁ:l’g. Due to the symmetry of the
aPp

second derivatives we have

AT = AL e A= (AT, (2.19)
Because of (2.18) we know that
1 o .
B(u,Q) = 3 / (Vu)T A% (u) Vil de. (2.20)
Q
Using (2.14) and arguing as above we see that
e(u, S(8)p) = e(u,p). (2.21)
Combining this with (2.20) we get
() A’ = ()" (S(0)T AT S(0))p. (2.22)
Since this is true for all p we get
AV = S(0)T AU S(6). (2.23)

™

Choosing 0 = 5 we calculate for all 4,57 € {1,...,d}

1J At
All - A22

Al = —AY. (2.24)

Defining g;; = A% and b;; = AY, the claim follows from (2.19) and (2.20). O
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Now it is easy to see why surfaces of constant mean curvature and harmonic maps are the
model problems of two-dimensional geometric variational problems. Namely, in the case of
harmonic maps we have b = (b;;) = 0 and in the case of surfaces of constant mean curvature

0 TR —
in R? we have gij = 0;5 and b = % —ud 0 ul
TR 0

Next we also calculate the Fuler-Lagrange equations of critical points of the functional given
in (2.15).

Lemma 2.3.2. Let u € C%(Q,R?) be a critical point of the functional E given by (2.15), then
we have for all 1 <i<d

Au' + T VU VU = g™ (bujk + bjkm + bim,j) det(Vad, Vu®). (2.25)

Proof. Since we already calculated

d

1 . .
G0y [ gt 6V (s )Vl + )
Q

2

in the proof of Lemma 2.2.1 it remains to calculate the derivative of the second part of the
functional E and this is left as an exercise. O

As in the two special cases considered before we see that two-dimensional conformally
invariant variational problems satisfying the conditions from the beginning of this section
are well defined in W2 N L> (92, R?). Moreover one can define weak solutions of the Euler-
Lagrange equations (2.25) in this space.

One question which arises naturally in this situation is:

Are weak solutions v € W2 N L2 (Q,RY) of (2.25) smooth?

One might try to attack this question by using standard LP-estimates. In the next theo-
rem we recall the LP-estimates (see e.g. [14], [13], [38]).

Theorem 2.3.3. Let 1 < p < oo, f € LP(Q,R?) and let u € Wi’cp N LP(Q,RY) be a solution
of
Au=f in Q. (2.26)
Then we have for all Q° CC Q
ullw2p @ rey < cll|ullpe@rey + [ fllLr@raY)- (2.27)

From the explicit form of (2.25) we see that solutions u € W2 N L>(Q,R?) solve an
equation of the form (2.26) but in our situation we only have f € L'(€2,R9) (at least if we
look at the problem in a "rough" way). For this situation there is an easy counterexample to

the estimate (2.27) in two dimensions given by f(z) = —5—1—5. It is easy to see that

= Pn(L)

ferL(B
&L’ (B

)
);

[NIES

NI
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for any p > 1. Since f is radial we can find a solution u of the equation
Au=f

by introducing polar coordinates and solving

1 1
u“(r)+ —u'(r) = ———.
T TEE
Equivalently we have
(ru(r) =
ru‘(r)) = ,
r(In(;))?
which can be integrated to yield
1
u'(r) =
() rln(%)
Differentiating this again gives
1 1
u“(r) = + 1

2 ln(%) r2(ln(r

The second term in this expression is in L'(B
therefore V2u ¢ L'(B1) for this solution.
2

1) but the first term is not in this space and
2

This shows that the classical estimates for partial differential equations are not directly appli-
cable to prove the regularity of weak solutions of (2.25).
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Harmonic maps into spheres

In section 1.2 we already defined harmonic maps from a domain in R? into a Riemannian
manifold N. The definition we gave in this section has one major disadvantage, namely that
it already requires the harmonic map to be at least continuous. This is used to guarentee
that the image of a small ball in € is maped into the domain of definiton of a chart in N
so that we can write down the Euler-Lagrange equation in local coordinates. In the last
section of this chapter we will see that once a harmonic map is continuous it is automatically
smooth. Therefore assuming that the harmonic map is continuous is too restrictive. This is
also supported by the fact that we only want to consider weak solutions which are in W12NL>®
and this space does not embedd into C? in two dimensions. An example for this fact is given
by the function f : By C R?> = R, f(z) =In 1n(‘?1|) (Exercise!). Because of these facts we give
a different definition éf harmonic maps into spheres. For continuous maps this definition will
be equivalent to the one given in section 1.2.

3.1 Euler-Lagrange equation and a conservation law

Let B = Bj be the unit ball in R? and let S = {x € R"*!||z| = 1} be the round sphere in
R"*1. We define the Sobolev space W2 for maps from B into S™ by

Wh2(B,S™) = {u € WH(B,R"™)||ju(z)| =1 for ae. € B}. (3.1)

Definition 3.1.1. A critical point u € W12(B, S") of the functional E(u) = 1 [ |Vu|*dx is
called a (weakly) harmonic map from B into S™.

In the next Lemma we calculate the Euler-Lagrange equation of weakly harmonic maps.

Lemma 3.1.2. Let u € WY2(B, S™) be a harmonic map from B into S™, then we have

/VuVde:/ |Vu|*uvdz, (3.2)
B B

for all v € Wy* 0 L>°(B,R"t1).

Proof. Let v € I/Vol’2 N L*>®(B,R""1). Then we have for ¢ small enough that |u + tv| # 0.
Therefore we can define

_u+tv
Cutto|

(3.3)

W

13
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Then it is easy to check (Exercise!) that w; € W12(B, S™) for every t small enough. This
means we can define E(w;) and since wy = u and u is harmonic we have

0= %h:oE(wt) - /B VUV(%h:Owt)daz. (3.4)
Now
Viw Vv v[(u+tv) - V(u+tv)]  V([(u+tv) v](u+tv))
dt ' |u+ tol lu + tv]? lu + to3
n [(u+tv) - v](u+ tv)[(u+tv) - V(u+ tv)]
|u + tv|>

and therefore (Ju|? = 1)
d
V%h:owt = Vv — V[(u-v)ul. (3.5)
Inserting this into (3.4) we get

0= /BVu(Vv — V(u - v)u])dz

:/ Vqudm—/ \Vul?u - vdz, (3.6)
B B

where we used again that |u(z)|?> =1 a.e. O

In the rest of this section we want to derive an equation which is equivalent to (3.2) but
which is in divergence form. This conservation law has been discovered independently by
Chen [6] and Shatah [31] (see also [19]). As we will see during the derivation of this equation
it relies heavily on the special symmetry of the target manifold S™.

Theorem 3.1.3. u € WH2(B, S™) is a weakly harmonic map iff
div(u'Vu! — ! Vu') = 0, (3.7)
foralli,je{l,...,n+1}.

Proof. =:

Let u € W12(B,S") and let a = (a;;) be the skew-symmetric matrix whose 4, j-component
is equal to 1 and the remaining components in the lower triangle are equal to 0. Next we
consider ¢ € C°(B,R) and we let R(t) = ¥ (¢ small) be the solution of the flow generated
by pa with R(0) = id. Since ga € so(n + 1) we get that R € SO(n + 1). Namely

%RT(t)R(t) = p(RT()aR + R"(t)a" R(t))
=0,
which also implies R™!(¢) = RT(t) and
p d
7 det(R(1)) = det(R(1)) tr(R™ (1) - R(2))

= det(R(t)) tr(RT (t)aR(t))
= 0.
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Now R(0)u = w is harmonic and therefore
d
d—\tZOE(R(t)u) =0. (3.8)
t
Next we use the expansion R(t)u = u + tpau + o(t) and calculate
E(R(t)u) = E(u) +t / (Vu) TV (pau)dz + o(t)
B
= E(u) + t/ (Vu)Ta(uVp + Vu)dz + ot)
B
=E(u)+ t/ (Vu)TauVedz + o(t), (3.9)
B

where we used that (Vu)TaVu = 0 (since a € so(n + 1)). Inserting (3.9) into (3.8) we get
that

div(u'Vu! —w/Vu') =0 (3.10)

weakly. Since the W—dimensional vector space so(n + 1) is spanned by the matrices a the

claim follows.

E
Let o € Wy> N L®(B,R™*1) and define

b= — (uphu (3.11)
Now we calculate for a.e. z € B (Ju]? = 1)

VoVu — (up)|Vul? =VuViyp
=|u|*VuV) — (uV)(uVu)
= Z (uiuiVujV@Z)j — uivwiujVuj)

ije{l, 1}

= Z(uiuiVujij + W Vul V' — u'e! Vp V! — u'u? Vip? Vaud)
1<j

= Z(uiVuj — ! Vul) (u' V! — ul Vipt)
1<J

= Z(uiVuj — ! Vu )V (u'yp? — ulyp)
1<j

= Z(uiVuj —w Vu )V (u'p? —ulph), (3.12)
1<J

where we used that

u'! — Yt =y — Wt — (up)(u'e! — )

—’UJ(,D]—U]SO,
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forevery 1 <i< j<mn+1and

Z(uiVuj — W V) (Vi) — V') = (uVu)(Vu) — (u)(VuVu)

=0.

Now we let o/ = (ulp! — u/p?) for every 1 < i < j < n+ 1. Then we have o/ € VVOL2 N
L>(B,R"*!) and therefore we can use (3.12) and our assumption to get

0= Z/ Vo (u'Vul — ! Vu')da
i<j /B
:/ (VoVu — pu|Vul?)dz. (3.13)
B
This shows that v is harmonic. O

Remark 3.1.4. As can be seen from the above proof the existence of the conservation law
(3.7) is a consequence of the invariance under rotations of the Dirichlet energy for maps into
S™. This can therefore be seen as a special case of Noether's theorem (see [19]).

An easy consequence of the above conservation law is the so called weak compactness of
weakly harmonic maps into spheres.

Corollary 3.1.5. Let u, € WH2(B,S™) be a sequence of weakly harmonic maps and assume
that there exists some u € WY2(B,S™) such that uj, — u weakly in WH2(B, S™), then u is
weakly harmonic.

Proof. Applying Theorem 3.1.3 we have that
/ (u}CVu?C — uiVuZ)Vad:c =0, (3.14)
B

for every o € C°(B,R"*) and every i, j € {1,...,n+1}. Since uj, — u weakly in W12(B, S™)
we can apply Rellich‘s theorem to get

Up — U (3.15)
strongly in L?(B,R"!) and therefore
quVui - uiVu}Q —u'Vu! — ! V! (3.16)

weakly in L'(B,R) for every 4,5 € {1,...,n + 1}. This means that we can pass to the limit
in (3.14) and get

/ (u'Vu! — 1w/ Vu')Vadz = 0, (3.17)
B

for every a € C°(B,R""1) and every i,j € {1,...,n + 1}. Applying once more Theorem
3.1.3 we conclude that u is weakly harmonic. O
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3.2 Wente‘s inequality

In this section we prove the famous Wente-inequality, see [40], [3], [19] .
Theorem 3.2.1. Let a,b € WH2(B,R) and let u be a weak solution of

—Au ={a,b} in B
u=0 on 0B, (3.18)

where {a,b} = azby — ayby. Then u € CONWL2(B,R) and moreover
[ullzoe By + [IVull 2By < clIVallr2m) [Vl L2(B)- (3.19)

Remark 3.2.2. In this situation weak solution means u € Wb (B,R) for some r > 1. From
"classical” theory we only get that weak solutions u of Au = f in B, f € L*(B,R), withu =0
on OB, are in LY for every ¢ < oo and in WP for every p < 2. Namely we can write

x

1
u(@) = 5= [ F) 0l —yl) w7

[z[y)|)dy.

This implies

)
B|$—y|

and since HEllHLp(B) < ¢ for every p < 2 we get from standard estimates for convolutions that

ullLagsy + [IVulles) < cllflls), (3.20)

for every ¢ < oo and p < 2. In chapter 4 on Lorentz spaces we will see that we can even
improve this estimate by replacing the LP-norm by the weak L*-norm of Vu (see Theorem

5.2.4).
Remark 3.2.3. Recent interesting results of Bourgain € Brezis [2] and Brezis € van Schaftin-
gen [4] show that weak solutions u : B — R? of
Au=f in B,
u=0 on 0B, (3.21)

where f € L'(B,R?) with div f € LY(B), satisfy u € W12 N C°(B,R?) with
ullzoe + |[Vullr2 < ¢f|f]Lr- (3.22)

Proof. (of Theorem 3.2.1) We begin by considering a,b € W12NC>(B,R). Since the Green'‘s

function of —A on B is given by 5 ln(ﬁ) we have

1 1
= — b In(— )dzx. 2
u0) = 3= [ {ab}e) () (3.23)
Now we introduce polar coordinates and note that for v(r,0) = a(r cosd,rsin @) we have

v = ag cost + ay sin b,

vg = —agTsinf + ayr cos 0.
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and the same for w(r,0) = b(r cos@,rsind). Therefore we calculate

vpwy — vewy = (azby — ayby)(r cos,rsin 6)(r cos® § + rsin? )
= r{a,b}(rcosf,rsind). (3.24)

27r/ /:
5
= 7r/O /027T ;vwgdrdH, (3.25)

where we used that In(1)(vwg) = rIn(2)[a(by cos § — b, sin §)], which implies for the boundary

Hence we see that

) (vrwe — vow, )drdf

ﬂ\»—l ﬂ\v—l

[(vwg), — (vw,)g|drdd

terms In(1)(vwp)|,—1 = 0 = In(2)(vwg)|r—o. Now by denoting v, = 5- 027rv(7", 0)df we can
estimate by using Holder‘s- and Poincare‘s inequality

27 27
|/ vwydl| = |/ (v — U, )wedb)|
27 1
s</ o= o) (| o)
0 0

27 21
< o / lug|d6)} ( / wp|2d6)?. (3.26)
0 0

Combining (3.25) and (3.26) and transforming back we get

1 2 1 d?"
u(0)] < ¢ / (/ |ve|2d9>z</ wgPag)s
0 0 0
< d|IVallr2p)lI Vbl L2 (B)- (3.27)

For a general point xy € B we consider the Mobius transformation T': B — B, T'(z) = %
(remember that 7" is holomorphic) with T(0) = z¢. From complex analysis we know that T'
is conformal and therefore we can write the differential V7' in the form

VT = T0< cos¢  sing ) (3.28)

—sing cos ¢
Now elementary calculations show that

—A(uoT) =—det(VT)(Au)o T
=det(VT){a,b} o T
={aoT,boT}. (3.29)
Therefore we can apply the previous estimate (3.27) to get

u(zo)| = [u(T(0))]
< cl[V(aoT)||2m) IV (0o T)l12(p)- (3.30)
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Another elementary calculation shows that the Dirichlet energy is invariant under M&bius
transformations and therefore we finally get for every xg € B

[u(zo)| < cl|Val|r2(p)| VOl L2(B)- (3.31)

This proves the L>-estimate for smooth a and b. To get the estimate for the L?-norm of the
gradient of v we integrate by parts and use the boundary condition to get

/B|Vu|2dac:/Bu(—Au)dx
_ /B w{a, bhda

<|lul[zeoByl[{a; b} L1 (B)
< c|IVallF2 ()| VOlI 72 (). (3.32)

where we used (3.31) and Holder‘s inequality in the last estimate. This finishes the proof of
(3.19) for smooth a and b.

In the general case we choose two sequences an,, b, € wh2n C>(B,R) such that a,, — a and
by, — bin W12(B,R) and we let u, € C*®(B,R) be the solution of (3.18) with a, b replaced
by a, and b,. Since {a,b} is linear in a and b and {a,b} = —{b,a} we see that for every
n,meN

—A(up — Up) = {an,bn} — {am, b}
= {an — am,bn} — {am, by — bn}. (3.33)

If we then apply estimate (3.19) to u, — u,, we see that u, is a Cauchy sequence in the
complete space W12 N L>°(B,R) and therefore there exists U € W12 N L>°(B,R) such that
up, — U in WH2 N L°(B,R) and

U (B) + [IVUll 2By < clIVallL2() IVl 2(B)- (3.34)

Since u, € C*(B,R) and ||uy, — U||gee(p) — 0 we know additionally that U € C°(B,R).
Moreover, from (3.20), we get that u, — u strongly in W1?(B,R) for every p < 2. Since
W2 n L*(B,R) ¢ WYP(B,R) this implies that U = u and finishes the proof of Wente‘s
inequality. O

Remark 3.2.4. From the proof of the Wente inequality we easily see that the statement re-
mains true if we replace the Dirichlet boundary condition by the Neumann boundary condition
g—:ﬁ =0 on OB and if we assume that [zu(x)de = 0. The reason for this is that the Green's
function for the Neumann problem on B C R? is also of the form K(x,y) = clog |z — y|.

3.3 Continuity of sphere-valued harmonic maps

The goal of this section is to prove the continuity of weakly harmonic maps into spheres. This
result was first proved by F. Hélein [17]. First we need the following Hodge decomposition for
one forms in B.
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Lemma 3.3.1. Let 1 < p < oo and let w € LP(B,A'R?), w = widz! + wadx?, be a one-form.
Then there exist two functions o, 3 € WHP(B) such that w = Va+V13 (xd = V+ = (9, —0,)
and ||alwregy + 1Bllwirz) < cllwlliepy- If we assume additionally that Z?:l Viw; =0
(i.e. dw = 0) weakly, then we have w = xf3 (i.e. w = V3) and 1Bllwrem) < cllwllLemy- If
we know in this case that w-v =0 on 0B then we can choose B such that 3 =0 on 0B.

Proof. First of all we remark that if we calculate the Laplacian dd* + d*d of a one-form
ydr! 4+ yedz? we get with v = (v1,72) that

Ay = Vdivy + VViy. (3.35)

Since this is a strongly elliptic operator, we can find a unique solution v € W2?(B,R?) (by
standard LP-theory) of

Ay=w in B,
~v=0 on 0B, (3.36)
Moreover we have the estimate
lw2r(m) < cllwllrr(B)- (3.37)

Now an easy calculation (using (3.35)) shows that for every h € C°°(B,R?) we have

—/wh:/divydivh—k/ V+iyVih
B B B

:—/ A7h+/ divyh-v+ [ Viy.vh. (3.38)
B 0B 0B

Since v = 0 on OB we easily see that Vv -v = 0 on 0B. Because we also know that Ay = w
in B we get from (3.38) that

divy =0 (3.39)
on OB. Now we define o = divy and 8 = V1~. This shows the first statement of the Lemma.
For the second statement we note that (using (3.35) and (3.36))

2

0= Viw =Aa. (3.40)
i=1
Therefore « is a harmonic function with zero boundary values (because of (3.39)) and hence
vanishes identically. This shows that
Vig=Ay=w
and therefore finishes the proof of the Lemma. O

Now we come to the main Theorem of this chapter. This theorem has been proved first
by F. Hélein [17].

Theorem 3.3.2. Let u € WH2(B, S™) be a weakly harmonic map, then u € C°(B, S™).
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Proof. Let u € W12(B, S") be a weakly harmonic map. Then we know from Lemma 3.1.2
that u is a weak solution of

—Aut = Z TAVATAVATY
J
=) Vi (W'l —uI V). (3.41)
j

By Theorem 3.1.3 we know that
div(u'Vu! —w/Vu') =0 (3.42)

weakly, for every 4,5 € {1,...,n + 1}. From Lemma 3.3.1 we get the existence of BY &
Wh2(B,R™1) such that

WV — IVt = VEBY, (3.43)
We insert this into (3.41) and get

—Au' = Z Vu/V+BY
J
=> {u/,BY}. (3.44)
j

Now we are almost in a position to apply Wente‘s inequality but up to now we don‘t have that
u =0 on OB. To overcome this difficulty we decompose u = v + h, where v € W12(B, R"*1)
is a solution of

—Avi:Z{uj,Bij} in B,
J
v=0 on 0B, (3.45)

and h is the harmonic extension of u. From standard estimates for harmonic functions (see
[14]) we get that h is continuous. The continuity of w now follows from the continuity of h
and from an application of Wente's inequality, Theorem 3.2.1, to v. 0l

3.4 Higher regularity

In this section we follow the work of Chang, Wang & Yang [5] and prove that continuous
solutions of two-dimensional geometric variational problems are as smooth as the data allows
them to be. We consider weak solutions u € C® N W12(B,R"*1) of

Au® = fi(z, Vu), (3.46)
for every i € {1,...,n+1} and where |f(x,p)| < c¢(1+ |p|?). We have the following Theorem.

Theorem 3.4.1. Let u € CO N WL2(B,R"™) be a weak solution of (3.46), then u is as
smooth as the data permits.
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Proof. First of all we note that we can without loss of generality assume that for for every
i €{1,...,n+ 1} and sufficiently small constants A and a we have

[f*(z,p)| < AL+ alpl?). (3.47)

To see this we define for r < 1

(3.48)

where ¢(r) = r+supp |u(rez) —w(0)|. Then it is easy to calculate that u; satisfies an equation
of the form (3.46) with right hand side

7 _ ﬁ 7 @
fl(xvp) - C(T‘)f (T$7 r p)' (349)

Thus

()]
|f1(m,p)| _C(T)|f(rx’ r p)|

cr Cc\T 2
<o+ S

<ev/e(r)(1+ v/e(r)pl?)

and since u is continuous we get that ¢(r) — 0 as r — 0. This shows that we can assume
(3.47) for u; and since smoothness results for w; imply directly the corresponding results for
u this proves the claim.

Next we claim that if u is a solution of (3.46) in B, which satisfies (3.47) with a|u| < ¢; and

Acy < %, then we have

2 2
/B% Vul? < C/B(1+ uf?), (3.50)

where ¢ = ¢(c1, A).

To prove this we consider a smooth cut-off function n € C°(B,R) with 0 <n <1, |Vp| <c

and 7 = 1 in B1. Then we choose n?u as a test function in the weak formulation of (3.46)
2

and get

/772Vu|2:/ VuV(nQU)—Q/unVan
B B B
:/nQuf—Q/unVan
B B

1
<A / 72lul + Aa / 72l [Val? + ¢ / IVl + 1 / 2|2
B B B €JB

< (;+5)/B772\Vu|2+c(1+i)/B(1+|ul2), (3.51)

which proves the claim.
Next we need the following Lemma.
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Lemma 3.4.2. For any ¢ > 0 there exists § > 0 such that if A < 6, then for any solution
u of (3.46), satisfying (3.47), alu| < ¢1 and ﬁfB lu|? < 1, there exists a harmonic function

h: B% — R such that

/ lu — h|? <2 (3.52)
By

2
Proof. Assume that there exists some € > 0 and sequences u,, and f, such that |—é| f B |un|2 <1,
fo <11+ a|Vu,|?) and Aw, = f,(z, Vu,) but with

/B l — 02 > &2 (3.53)
%

for every harmonic function v : Bx — R"!. From (3.50) we get
2

/ Vunl? < .
B

2

which implies that, after choosing a subsequence, we have that there exists u € W12(B1,R*H1)
2

such that Vu, — Vu weakly in L? and u, — u strongly in L?. Now we show that u is
harmonic, which clearly contradicts (3.53). To see this we choose ¢ € C*°(Bi1,R"!) and
2

note that
/ VoVu, = / o fn-

Letting n — oo and using the estimate for f,, and u,, we get

/ VeVu =0,
which proves the Lemma. O

Next we have the following Corollary.

Corollary 3.4.3. For any 0 < v < 1 and cy, there exists € > 0 and 0 < A\ < %, such that if
A < e and u is a solution of (3.46), satisfying (3.47), alu| <1 and & [ |u|> < 1, then there

1B
exists a linear fucntion l(x) = a1z + ag, with |a1| + |az| < ¢, such that
1
—— [ Ju—12 < X204, (3.54)
Bl JB,

Proof. Let h be the harmonic function of Lemma 3.4.2 such that

/ lu — h|? < &2 (3.55)
B,

2

Using the assumptions we get that

/ |h|? <c.
B

2
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From the energy estimates for harmonic functions we get

hl(a) + [VhI(@) + [V2hl@) < [ P < (3.56)

B
b

for every x € B1i. Now we let [ be the first order Taylor polynomial of A in 0. Then we
4

estimate for A < %

1 1
S L T S Sy L AL S T
|Bx| /B, |Bxl JB, |Bxl /B,
g2 4
SCF‘FC)\ y

where we used (3.55) and (3.56) in the last line. Now we choose A so small that cA* < %/\2(“”)

and then we choose € so that ci—z < %)\Q(HV). The bound on the coefficients of [ follows from
(3.56). O

Next we iterate this corollary to get.

Lemma 3.4.4. For any 0 < v < 1 there exists € >0, c >0 and 0 < A < % such that if u s
a solution of (3.46) satisfying (3.47) with A < e and |u| < 1, then there exist linear functions
lg(x) = Brax + Cy, k € Ny, satisfying

M| By, — Bg1| + |Cre — Cg1] < eXOFDE, (3.57)

such that
1

lu — | < 2X20FDF, (3.58)
1Bl JB,,

Proof. We prove this statement by induction. The case k = 0 follows from the assumptions
on u by choosing By = Cp = 0 and the case k = 1 follows from Corollary 3.4.3 by choosing
Bl = a and Cl = a.

Now we assume that the statement of the Lemma has been verified up to order k. First we
observe from (3.57) and By = 0 that

k—1
Vx| = Bl < |Biy1 — Bl
=0

oo
<ec Z Ak
i=0

C
< .
~1-277

(u=l) ()

The same estimate holds true for |Ck|. Now we define w(x) = *53555— and an easy calcu-

lation shows that

Aw' = fi(z, Vw), (3.59)
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where
fila,p) = ATk f(\Fz, XNEp 4 V1),
By the assumption (3.47) we see that
|f1(z, p)| < ANITVE(T 4 20| VIR |?) + Aa IR |p|2. (3.60)

Now we claim that we can apply Corollary 3.4.3 to w. To see this we estimate

C

20wl (@)X = 2)(u — )| (M2) <201+ N|VI| +[Chl) € T

and

1 / 2 y—2(149)k_ L 2
e N lu — Ip|* < 1.
B /s Bl )i,

This shows that we can apply Corollary 3.4.3 to w and we get the existence of a linear function
l(x) = Bx + C, with |B| + |C| < ¢, such that

1

L o ap <0, 61
Bl Ja, 0= 300

Now we define lp11(z) = lp(x) + /\(HV)kl(%) and we check that By, = By + B\, Cppq =
C + CAI+VE and

1 1 T T

T u— b |* = AR (w() = 1<)

’B)\k+1 | Bkt ‘B}Jc«kl ‘ B, i1 2k 2k
:)\2(1+7)ki lw — 1|2

|Bxl /B,
< \2(14+7)k+2(1+7)
201+ (k+1)
This finishes the proof of the induction step and therefore the proof of the Lemma. O

To finish the proof of Theorem 3.4.1 we note that because of (3.57) By and C} converge
exponentially to some B respectively C' and if we then denote [(x) = Bx 4+ C we have
1

— lu— 1|2 < 2X2(+7)k (3.62)
Bl Jp,,

for every k € N. Therefore u € C'Y by classical estimates in Campanato-, resp. Morrey-spaces
(see e.g. [13]) and higher reguarity then follows from Schauder theory. O
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Chapter 4

Hardy space

In this chapter we study the Hardy space H'. In particular we prove the atomic decomposition
of H!'. An easy consequence of this will be that the LP-theory (see Theorem 2.3.3) remains
true if the right hand side f € H!.

4.1 Maximal function and a Theorem of Miiller

Before coming to Hardy spaces we will prove some more or less standard results for the
maximal function. For a measurable function f: R"™ — R we let for a > 0

Ar(@) = {z e R*[|f(z)] > o} (4.1)
be the distribution function of f.

Lemma 4.1.1. Let f: R®™ — R be measurable and 0 < p < oo, then we have
171 = [ 0 s(a)do. (12)
Proof. We have

()] o0
|f(z)|P = p/o o’ do = P/O P X {ala<|f (@)} A

Using Fubini‘s theorem this gives

10 =0 [0 (| Xeiswrsarde)da=p [ a7 (a)do.

O
Next we define the maximal function.
Definition 4.1.2. For f € LL (R"™) we define its mazimal function M f : R — R by
M f(z) = sup,og — £ (@)lda. (43

|Br(z)] /B, ()

27
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Before coming to the Hardy-Littlewood Theorem for the maximal function we note without
proof the covering Lemma of Besicovitch.

Lemma 4.1.3. Let E C R" be measurable and suppose that E C U;Bj, where the family
{Bj}jes consists of balls with bounded diameter (i.e. sup; diam(B;) < o0). Then there exists
a countable disjoint subfamily {Bj, }ren such that E C Up5Bj, and

o0
Bl <5" > [By (4.4)
k=1

Now we can prove the so called Hardy-Littlewood theorem for the maximal function.

Theorem 4.1.4. Let 1 <p < oo and f € LP(R™). Then we have

M ()l < |l f]] e, (4.5)

where ¢ = c¢(p,n). Moreover for f € L*(R™) and a > 0 we have
" c
[{z € R M f(z) > a}| < —[Ifll1, (4.6)

where ¢ = c(n).

Proof. First we prove (4.6). We let Ef;, = {z € R"|[M f(z) > a}. By definition, for any
T E EJ?‘M there exists a ball B* of radius r, > 0 such that

| 1#wldy > | (@7

Now we fix R > 0 and let Ap = U{erﬂf|0<m<R}Bw. We clearly have Ap C Ag for
R < S, E]%[f C UZ_1ARr and the balls in Ag have bounded diameter. Therefore we can
apply Lemma 4.1.3 to get the existence of a pairwise disjoint subfamily Br = {B%* }jen of

Uteens, lo<r,<ryB* such that

AR C UpbB%*

Ap) <503 (B, (4.8)
k

For R — oo we conclude

alEg¢| = limp .o o Ag|
<limp_0o 5"204\3”]

k
<imno > [ Fwldy
g /B
<51 £, (4.9)

where we used (4.7) and the properties of the subfamily Br. This shows (4.6). Now we turn
to the proof of (4.5). First we note that the case p = oo is trivial with ¢(n, c0) = 1 and hence
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we assume from now on 1 < p < oo.

For a > 0 we let | a
fi(@) ={ g(m) if| f(2)| > §

otherwise.

Then we have for all x € R™

a
[f@)] < [fi(z)[+ 5 and
a
|Mf(z)] < IMfi(z)l + 5.
Therefore we get
By C By, (4.10)
Since f; € L'(R"™) we can apply (4.6) and get
a 2c
121 < Al (.11)
Going back to f (by using (4.10) and (4.11)) we get
|Efy sl <IEY

f1’

2c
<—|lf1llz:
a

2 ()| da. (4.12)

Using Lemma 4.1.1 and (4.12) we calculate
< 1
1M1l = [ o7 By glda
0

<200 [ o3[ Xeroiorsfa)ldo)do. (113)

By Fubini‘s theorem we get

2| f(x)|
M|, <2ep /R F@)( /0 o2 da)di

2Pcp »
= . 4.14
=2 [ 1) (414)
This finishes the proof of the Theorem. O

Remark 4.1.5. It is easy to see that (4.5) can not be extended to p = 1. Namely if f € L*(R")
and |f|(z) # 0 for all x € R™ then M f is not in L*. To see this we let € > 0 be small and
choose ro > 0 such that

/, f(2)]dz > e.

B, 0
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Now for |x| > ro we have By, C By (x) and therefore

1

M f(x) =sup,~g B Js . |f(z)|dx
1
_ d
Z By @)] Sy iy N
e
=l
¢IM(R")

This shows that we can not expect to have global integrability of M f if f € L*(R™). But there
are also counterexamples to local integrabilty. Namely let f : R™ — R be given by

f(x)

1
= e Tog (22X P

An easy calculation, using polar coordinates, shows that for every t < 1 we have

t T,n—l
flx dx—/ ——dr
[, 704 = [ g

where we used the substitution s = |logr| in the second line. This shows that f € L*(B
moreover for every x € B% we have

) and

[

),
> f(x)dx
2*z|™ J iy, (0) (=)

> ¢
~ |z|™ log(2]z)
¢L'(By).

Mf(x)

In the next lemma we see that if we assume slighly more than being in L' the Hardy-
Littlewood theorem remains true.

Lemma 4.1.6. Let Q C R" be bounded and let f € L'log L' (), i.e.

/Q (@) log* | £(x)|dz < o, (4.15)

where log™ | f(z)] = max{0,1log | f(z)|}, then we have M f € L'(Q).

Proof. From Lemma 4.1.1 we know that

o0
M1 < 2 /0 B2 Jdo,
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and hence

1Ml < 219 +2/1 |

Arguing as in the proof of (4.12) in the previous theorem, we have
[e%S) N o .
/ B arslda < / (5 / X{zeal|f ()20} f (2)|dz)da
max(LIf(@)]) go
— [ LIV
Q 1 (7

<e /Q (@) log™ | f(x)|dz. (1.17)

Combining this with (4.16) finishes the proof. O

Next we prove the Calderon-Zygmund decomposition result.

Theorem 4.1.7. Let f € L'(R™) with f > 0 and let « > 0. Then there exists a sequence of
disjoint cubes (Ck)ren such that

(i) The average of f on all cubes is bounded from below and above by

a < |Cl'k . (x)dzx < 2"a. (4.18)
(ii) On Q° = (U2, Ck)¢ we have a.e.
f(z) <a. (4.19)
(111) There exists ¢ = c¢(n) such thal
120 < S 111l ny- (4:20)

Proof. We divide R™ into equal cubes such that the volume of them is larger than or equal to

%. This means that for every cube Cp in this decomposition we have

1
1Col Jo,

Now we fix one cube Cj in this decomposition and decompose it into 2" equal disjoint cubes
with half of the side length. For these new cubes there are now two possibilities: either (4.21)
still holds, these cubes are called good cubes and are denoted by CY{, or (4.21) does not hold
anymore. These cubes are called bad cubes and are denoted by C’f. In the next step we
decompose each cube in CYf into equal disjoint cubes with half side-length and we leave c?
unchanged. The good cubes of this decomposition we be called C§ and the bad ones Ch. If
we continue to repeat this process we finally can define Q2 = ugozlc,’; as the union of all cubes
which violate the estimate (4.21) in some step of the decomposition process.

Next we note that if Cf’ € Q) then

f(z)dx < a. (4.21)

1
\Cb]/cb f(z)dz > a. (4.22)
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But we also have C? C CY | and therefore 2"|C?| = |CY_,|. Combining this with f > 0 and
(4.22) gives

: o S
< — dx < 2"« 4.23
] oo T = 16T Je (4.23)

which proves (7).
On Q¢ we can apply Lebesgue’s differentiation theorem to get for almost every x € Q¢

f(z) = lim; Lg f(z)dz < a, (4.24)

where C7  denotes the cube in C} which contains 2. This shows (i).
To see (m) we use (4.22) to get

Nyt < b 1
=31k < | @)z < ifll. (1.25)
0l

With the help of this Calderon-Zygmund decomposition we can now show the opposite
estimate to Lemma 4.1.6.

Lemma 4.1.8. Let f € L'(R") be supported in a compact set B. Then we have that M f €
LY(B) if and only if f € L'log L' (B).

Proof. Because of Lemma 4.1.6 it remains to show that M f € L'(B) implies f € L' log L'(B).
To show this we first prove that

el M (@) > ca)| > 5 F@)de, (4.26)
{zl|f (@)|>a}

for some appropriate constant ¢ > 0. To see this we apply Theorem 4.1.7 to |f| > 0 and
a > 0. From this we get cubes C} such that

1
2" > —— |f(z)|dx > «a. (4.27)
Gl Je,

Thus if z € Cj, we have that M f(x) > ca, where the constant ¢ is needed to pass from balls
to cubes in the definition of M f. As a direct consequence of this and (4.27) we have

el M (a) >ca}\>2|ck\_2n /\f )lda

ST |f(@)]dz, (4.28)
{wllf @)|>a}
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since {z||f(x)| > a} C Q, which follows from (i7) in Theorem 4.1.7.
Now we estimate with the help of Fubini‘s Theorem, Lemma 4.1.1 and (4.26)

M| = / M s(a)da

> / | Mf(2) > a}|da

1
) |f(2)\dz)da
1@ Ja||f(2)>a}
max(1,|f(z)|)
—c [ 1@ o~lda)da
B 1

—c / (@) log* | (2)|de,
B

which proves the Lemma. O

In the next Lemma we prove that the divergence of the cofactor matrix of Vu is equal to
zero. This was first observed by Morrey [23| (Lemma 4.6.4). Our proof is taken from [30].

Lemma 4.1.9. Let uw € C*°(R™,R"™). Then we have

n

Z di(cof Vu)F =0, (4.29)

i=1
for every 1 <k <mn.
Proof. For every matrix P we have the formula (det P)id = P cof P and therefore
det Pd;j =y PF(cof P)}. (4.30)
k=1

This implies for r,s € {1,...,n} (choose i = j = s)

ddet P <~ 0PF v o O(cof P)F
opr ~ 2 gpy P P

=(cof P).. (4.31)
Inserting P = Vu into (4.30), differentiating this with respect to z; and adding we obtain

Z dij(cof Vu),0;0.u" = Z (9j0;u” (cof Vu)’ + 0;u"dj(cof Vu)j), (4.32)

7,r,s=1 rj=1

where we also used (4.31). Since the term on the left and the first term on the right cancel
each other, we end up with

Z 8iu’"(z dj(cof Vu)j) = 0, (4.33)
r=1 j=1



34 CHAPTER 4. HARDY SPACE

for every 1 <i < n. This means that the vector (3°7_, 0;j(cof Vu)}) is a solution of the linear

system ATy = 0, where A = Vu. If we now have a point 29 € R™ for which det Vu(zg) # 0,
then we can conclude that

()~ 05(cof Vu)}) (o) = 0. (4.34)
j=1

If on the other hand det Vu(zp) = 0 then we choose € > 0 such that det(Vu + €id) # 0 and
we do the same calculation for @ = u + ex. Finally we let ¢ — 0 and finish the proof of the
Lemma. O

Next we use degree theory to prove an isoperimetric inequality, which is taken from [24].

Proposition 4.1.10. Let Q C R™ be open and bounded, u € W1 (Q,R"), 2 € Q and R <
dist(x, Q). Then we have for a.e. v € (0, R)

| det Vu(y)dy\nT_1 < c/ |adj VuldS, (4.35)
B (z) 9B, (z)

where adj Vu = (cof Vu)T is the adjungate of Vu.

Proof. As already mentioned we use degree theory for the proof of this result. Good references
for the degree theory are for example [25], [10], [8], [30], etc.

First of all we would like to mention that it suffices to prove the Proposition for u € C*° (€2, R").
Indeed, for any u € W™ (2, R") there exists a sequence u; € C*(£, R") such that u; — u in
WLn(B,(z),R") and such that for a.e. r € (0,R), uj — u in WH*(dB,(x),R"). To see the
last statement consider the function h;(r) = faBr(m)ﬂv“j — Vu|™ + |u; — u|™)dS. We have
that limj o [i* hj(r)dr = 0.

By this argument we can now assume that v € C*°(Q,R") and we fix some 0 < r < R. We
let yo € R™M\u(9B,(x)) and denote by I' the connected component of R™\u(0B,(x)) which
contains yo. Moreover we let f € C°(T) such that [, f(y)dy = 1. We can then define the
degree of u|p, (z) at yo by

degu, (@) = [ fluty) det Vuty)dy (4.30)
The degree does not depend on the choice of f, is integer-valued and the function y —
deg(u, By(x),y) is constant on each connected component of R™\u(dB,(x)). From this it
follows (by decomposing R™ into connected components of R™\u(dB,(z))) that for any g €
CY(R™) we have

L o) deste By = [ gluty)) devutuiy (437

The integral on the left hand side is well-defined since the degree is defined up to a set of
measure zero. Next we calculate for every v € C}(R", R")

9 (v' (u(z))(adj Vu)]) = Z ((9pv") (u(2))djuf (adj Vu)l) + v (u(x))d; (adj Vau)!)
k
=(divv)(u(z)) det Vu, (4.38)
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where we used the fact that (det Vu)id = Vu(adjVu) = Vu(cof Vu)T and Lemma 4.1.9.
Integrating this over B,(x) yields for every v € C}(R",R")

/ (divv)(u(y)) det Vu(y)dy :/ o' (u(x)) (adj Vu)gude, (4.39)
Br(x) OBr(x)
where v is the outer unit normal. Combining (4.37) and (4.39) we see that

| (i) denta Bue) vyl < Pl [ [adiVelds, (440

This shows that deg(u, Br(z),-) € BV (R"™) (for the definition of the BV -space see [15]) and
that

/ D deg(u, B, (z), )| < / | adj Vulds. (4.41)
n OBy (x)
The Sobolev inequality for BV -functions (see [15], Theorem 1.28) yields

I deg(o, B, My oy S | ulds (1.42)

n

Since deg(u, By, -) is integer-valued we have that |deg(u, B,(x),y)| < |deg(u, By(x),y)|»—T
and therefore we get from (4.37) (with g = 1) and (4.42)

/ det Vu(y)dy| S/ | deg(u, Br(z),y)|dy
Br(x) R™

< [ Ideg(u. B, (). )| 1y
<cf / |adj Vu|dS)mT, (4.43)
OB (z)

which proves the Proposition. O

Now we prove a Theorem of Miiller [24] on the higher integrability of the determinant.

Theorem 4.1.11. Let Q C R"*, n > 2, be bounded and open and let v € WH™(Q,R™) be
such that det(Vu) > 0 almost everywhere. Then we have for every compact set K C Q that
det(Vu) log(2 + det(Vu)) € L*(K) and moreover

|| det(Vu)log(2 + det(Vu))||p1(xy < (K, [|ullwrn(q))- (4.44)
Proof. We fix K C Q and let g = xx det(Vu). By Lemma 4.1.8 we only have to show that
1Ml () < oK, lfullwrney): (4.45)
where ) C B is some ball. Now we let d = dist(K,9Q) and we note that

Mg(x) =sup;~ lg(y)|dy

|Be(x)| JB,(2)

1 1

< P

S SWPoied 15 /B " 19(y)|dy + sup, 4 l9(y)|dy
1

|Be(z)| JB,(2)

< Win(Q)- 4.4
O T L e (1.46)
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Now we denote A := {z € Q|dist(z,09) > 4} and estimate

Mgl sy = IMgllLrcay + [IMgll L1 B\ a)-
By (4.46) we get

Mgl (p\a) < c(d, B)||ull[j1n - (4.47)

Therefore we see that it remains to estimate the L'-norm of

1
su —_— z)|dx. 4.48
Po<t<t TR, @] pygan O (4.48)

To this end we use the fact that det(Vu) > 0 and Proposition 4.1.10 to estimate for a.e.
r € (t,2t)

n—1

(/Bt(m) lg(y)|dy) = < (/BT(@ det(Vu)(y)dy) = < c/aBT(I) adj(Vu)(y)dy. (4.49)

Now we integrate this inequality over r from ¢ to 2t and divide by 15"|Bl|nT_1 to get

! 9W)ldy) = < e [ |adj(Vu)(y)dy| < M(xaadi(Vu)). (450
Bu@)] S50

‘BQt(x)‘ Bat(x)
Altogether this yields with the help of Theorem 4.1.4

(

n

1Mgll L1 () <c(d, B, [|ullfy1nqy) + cl[M (xo adj(VU))llff%

1

n . et
<e(d, By l[ulliyrney) + elladi(Vell 7 5,
§C(d,B, ||UHT{}V17L(Q))7 (4.51)

which proves the Theorem. O

4.2 Hardy space

In this section we introduce the Hardy space, derive some useful properties of it and give some
examples of functions in the Hardy space.
We begin by defining a class of test functions T as follows

T={pecC®R")|spt¢ CB and ||Vo||L~ <1}. (4.52)

For every ¢ € T it is easy to see that ||¢||r~ < 1. Next, for every ¢ > 0, we define
T
dr(x) =1 ”qﬁ(?) (4.53)

We have spt ¢; C By and ||Véy||r < ct=(+1),

Definition 4.2.1. Let f € L. _(R"). We define the grand mazimal function of f by

loc

f*(x) = supger sups ¢ * f(2)]. (4.54)



4.2. HARDY SPACE 37

Remark 4.2.2. It is easy to see (Exercise!) that if we replace the condition ||V ||pe < 1 in
the definition of T by the requirement that ||V ||~ < ¢ then the new grand mazimal function
1s equivalent to the one defined above.

With the help of the grand maximal function we can define the Hardy space H!(R") as
follows.

Definition 4.2.3. We say that f € LY(R") lies in the Hardy space H(R™) if f* € L'(R™).
Moreover the Hardy norm is defined by

[ fllrr = 11" - (4.55)

Remark 4.2.4. See [9] and [33] for other possible definitions of H' and a proof of the equiv-
alence of all these definitions.

In the next Lemma we derive an useful estimate for the grand maximal function.
Lemma 4.2.5. For every f € Li (R™) we have that
(@) < eMf(z), (4.56)
for every x € R™. If moreover f > 0 we have additionally that
Mf(z) < cf*(z), (4.57)
for every x € R™.
Proof. We calculate

J*(x) = supger sup;~ | /Rn ou(x —y) f(y)dy|

R
— sup,cr 5Pk | /[R (" Y) )yl

t
A|| o
< SUPgeT SUPis0 ! t‘L Be(c) | f(y)|dy
(T

< esuppagt ™" / )|y

Bi(x)

< cM f(x).

This proves (4.56). To show (4.57) we fix a positive function ¢ € T such that ¢(z) = 1 for
every x € Bi. Then it is easy to check that
2

poe(z) > 27Dy g (2).

Using this and the positivity of f we calculate

M f(x) = wp supssg t”/B( )f(y)dy

< [ oule—0)I Wy
< CSUPger SUPys [ * f(2)]
= cf*(x).
This proves (4.57). O
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The next Lemma is a technical result which we need later on.

Lemma 4.2.6. Let f € L'(R"™) with spt f C Bg. Then if |x| > 2R we have that
F*(2) = supger bt 0 £ ()] = supger sup,. o |61 % (@) (1.58)

Proof. For |z| > 2R and t < % we have that spt ¢;(z —-) C R™\ Bg and therefore |y % f(x)| =
0. O

Next we show that we can estimate the L'-norm of a function by its H'-norm.

Lemma 4.2.7. We have that H'(R") C L*(R") and

1wy < 1110 - (4.59)

Proof. Let ¢ € C°(B) (without loss of generality we assume that [, ¢(x)dx = 1) and for
f € HY(R™) and every t > 0 we define f; = ¢; x f. By standard results on convolutions we
have that

fe— 1, (4.60)

in L' as ¢t — 0. Since we also have that |f;| < f*, for every t > 0, and f* € L*(R") it is easy
to see that we have

[fllrmny = limy—o([| fell L1 @ny + 11f = fellLrwny) < 11 F 1l @ny- (4.61)
O

In the next Lemma we obtain an important cancellation property for functions in the
Hardy space H! which also shows that the inclusion in Lemma 4.2.7 is strict.

Lemma 4.2.8. For every f € H'(R"™) we have that

f(z)dz = 0. (4.62)
R
Proof. We consider 6 € C°(R™) with spt§ C B and 6(0) = 1. Then we have that ||VO||re <
tn%, where A = A(f), and spt6; C B;. Now we let z € B; and define ¥(y) = :0,(z — 2ty).
It is easy to see that spt¢ C {y € R"||z — 2ty| < t}. But since 2t|y| < |z — 2ty| + |z| < 2t we
see that spty C B. Moreover we have that ||Vi)||fe < tﬂ: [|VO¢||ree < 1. This implies that
¥ € T. Next we calculate

s 10) = g [ 05 )y
1

= ontig - 0:(y) f(y)dy.
Therefore we conclude that for every ¢ > 0 and every x € B,

tin, / 0Y) fw)dyl < A2 [y 5 f(2)
< of(@). (4.63)
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If we now assume that (4.62) is not satisfied we conclude from the dominated convergence
theorem that (remember 6(0) = 1)

. Yy
oo | [ 0 sl =1 [ Flw)as] > 0. (4.64)
Combining this with (4.63) we get that there exists some ¢y > 0 such that
P> (4.65)

for every ¢t > ty and every x € By. In particular we can choose t = |z| 4+ 1 for ty < |z| and get

f(x) =

_c
(| + 1)’

which contradicts the assumption f € H!(R"). O

(4.66)

In the following Lemma we prove that every LP-function (1 < p < oo) with vanishing
mean value is in H!.

Lemma 4.2.9. Let f € LP(R™), 1 < p < oo, be compactly supported with [z, f(x)dz = 0.
Then we have f € H*(R™).

Proof. We let spt f C Bpr for some R > 0. Then we write
1Fl = [ f@das [ e (467)
Bogr R™\Bar

Since f € LP(R™) with p > 1 we see that f € L{ (R") and therefore we get from (4.56) that

loc

f*(x) < eMf(x) for every x € R™. Using the above considerations, Holder's inequality and
Theorem 4.1.4 we conclude for every p > 1

FH(@)dz <cR" % || f*||1o

Bagr
<cR"»||Mf||Ls

<cR" % |||l (4.68)

Now we calculate for ¢ € T and x € R"”
s @I =1 [ onto = )7
R

(de(x —y) — de(x)) f(y)dyl

= | .
< || Vebel oo /B Il () ldy,

where we used the mean value theorem and the cancellation property fRn f(y)dy = 0. Since
IV@||poe < s, for t > 0, we continue to estimate for p > 1

o0 01 < g [ 1701y

cR"h
< WH]CHLP (4.69)
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Assuming now that |z| > 2R we can apply Lemma 4.2.6 to get
£4(2) = supersup, ot |60 x (@)

CRnJrlff
< HTHWHLP (4.70)

Inserting (4.68) and (4.70) into (4.67) we conclude

n L 1
Hﬂmswnummwm+\mm/ -
R"\Bar ||

< eR" 7 ||f|l e, (4.71)
which proves the Lemma. O

Remark 4.2.10. We give an example of a function in H'(R) with compact support which
does not belong to any LP, p > 1. Let f be defined by

1
f(z) = nZ:; W%@),
where
n n

Since a, € L°(R) and [ ap(x)dz =0 for every n > 2 we can apply (4.71) to get
c
llanllrr = llapllee < —flan||ze < e

This implies that

[lan ||z c
||f||7‘l —Z IOgTL —nz (10gn) =c

This shows that f € H'(R). Now we estimate for x € [0, 5-)

Z E( logk:

2n
Zan(x)/ &2

y(logy)
n, 1 1
SR .
2 logn log2n

This implies for every p > 1

HH%ZAMﬂ@Mw
p

2(log nlog 2n)rn

— OQ,

for n — oo. Hence f does not belong to any LP for p > 1.
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Next we prove a compactness result for H!(R") functions (note that the corresponding
result is not true in L1).

Lemma 4.2.11. Let fi € H'(R"), k € N, with || fx|lsrn) < c¢. Then there exists a subse-
quence fy;, j €N, such that fr, — f € HY(R™) in the sense of distributions and moreover

13 ey < Hminf oo || f; |31 () (4.73)

Proof. Because of Lemma 4.2.7 we see that also the L'-norm of f;, is uniformly bounded.
Therefore we get the existence of a subsequence fi; which converges weakly to some f €
D¢(R™) in the sense of distributions. From this it follows that for every ¢ € T and every t > 0
we have

G0 £(@)| = i (61 fo, ()] < lwint o £, (0) (4.74)
Taking the supremum over all ¢ and ¢ this yields
0 < f*(z) < liminf; .o ff (). (4.75)

By Fatou‘s Lemma this gives
1l =11l < [ it (o)

< liminf;_, o A [, (2)da = liminf; oo || fi, |7 - (4.76)

O

In the next Theorem (which was proved by Coifman, Lions, Meyer & Semmes [7]) we give
a very important example of a function belonging to H!.

Theorem 4.2.12. Let E € LP(R",R") and B € WH9(R™), with 1 < p,q < oo and %—l—% =1.
Assume that div E = 0 weakly. Then we have that E - VB € H'(R") and

|E - VBl ey < cl|El|o@n)||VB|Lagn).- (4.77)

Proof. Let ¢ € T. For each x € R" and t > 0 we let Bf = |Bf ol th (x)dz. Then we
calculate, using div E = 0 weakly

r—y

|01 % (E - VB)(z)| = It_"/ & )(E - V(B = Bf))(y)dyl|

Bi(z) 13

= [ Ve BB = B )

Vol Lo (mr 1 oyt 1
¢ |Be(z)| JB, () |Be(@)| /B, )

where 1 < o < p and é + ai = 1. Using the Poincare-Sobolev inequality and the fact that
IV@llze <1, we get

|B — BE|*)e, (4.78)

(L . 1
| Be(2)] Jpy(a) [Bi(@)] /B,

Ql~

61 % (E - VB)(x)| < NBW% (4.79)
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where 1 < 8 < ¢ and é + % =1+ % Taking the supremum over all ¢ € T and all ¢t > 0 we
conclude

* a 1 1

(E-VB)*(z) < e(M(|E[*)(x))= (M (IVB|")(2))7. (4.80)

Using Hélder‘s inequality and Theorem 4.1.4 we estimate

|E - VB3 gn) =I(E - VB)"|| L1 (mn)

1 1
<c||M(|E*)||* M(VB|?)|°
SClIMAE 7 g IMAVBOI
<c||E|| Lo rn)| |V Bl| La(rn)- (4.81)
This proves the Theorem. O

As a Corollary we obtain that the nonlinearities which occured in the Euler-Lagrange
equations of constant mean curvature surfaces and harmonic maps into spheres also belong to
HE.

Corollary 4.2.13. Let u,v € WY2(R?), then VuV+v € HY(R?) and
IVuV Lol @2y < e[ Vull 2@ [V p2(R2)- (4.82)
Moreover, if w € WH2(R?,R?), then det(Vw) € H'(R?) and
det(Tu)llpr e < el Tl Bagge. (4.33)

Proof. Since divV+tv = 0 weakly we can apply Theorem 4.2.12 with B = u and E = V+v
to get the estimate (4.82). If we now also note that det(Vw) = Vw!V+w? we see that the
estimate (4.83) follows from the estimate (4.82). O

Remark 4.2.14. More generally we have for w € WI™(R™ R") that det(Vw) € H!(R™).
(Hint: Use (det Vw)id = Vw(adj Vw) and Lemma 4.1.9.)
Altogether this yields an improvement of Theorem 4.1.11.

4.3 Atomic decomposition

In this section we prove that every element in H! can be decomposed into so called atoms.

Definition 4.3.1. A function a € L'(R™) with the properties

spta C B, (4.84)
1
(e o) n < — 4-
|al|goo (mny < B (4.85)
/ a(x)dx =0, (4.86)

where B C R™ is a ball, is called H'-atom.

An example of H!-atoms is given by the functions in (4.72).
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Lemma 4.3.2. Let a € L'(R") be an H'-atom. Then we have that
Ha|]H1(Rn) S C, (487)
where the constant ¢ is independent of the atom.

Proof. From the definition of an H'-atom we can assume that spta C B = Bpg. Since a is
additionally in L*°(R™) with vanishing mean value we can apply Lemma 4.2.9 (more precisely
estimate (4.71)) to get

lall# @ny < cR™||al[poc®n) < c (4.88)
This proves the Lemma. O

In the next Lemma we show that a sum of H!-atoms also belongs to H!.

Lemma 4.3.3. Let ap € L'(R"), k € N, be a sequence of H-atoms and let A\, k € N, be
sequence in R with Y 22 || < 0o. Then we have that f = > 32, Meax € HL(R™) with

[ f 1l @y < CZ | Akl (4.89)
k=1
Proof. For N € N we consider the bounded function
N
fye) =3 Aean(e).
k=1

Using Lemma 4.3.2 and the assumption for Y |\x| we conclude that fy € H!(R") and more-
over with the help of estimate (4.87) we get

N
15 = Farllre <D [lllaklle
k=01

IN

N
DI (4.90)
k=M

for every N > M € N. If we now define
f=h+>_(fva—fn) € L'RY),
N=1
we see that (using (4.90))

11l <l + D lfv+r = Fnlle

N=1

<clhl+ > x|

N=1

<e > Axl, (4.91)
N=1
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which shows that f € H!(R™). Moreover we have (again using (4.90))

1f = fnlle < [ fern = felle

k=N
<c > M- (4.92)
k=N
This shows that fy — f in H!(R") and proves the Lemma. O]

The goal of the rest of this section is to prove a statement converse to the one in Lemma
4.3.3, namely that every function f € H!(R") can be decomposed into a sum of H!-atoms.
In order to do this we need a version of the Whitney decomposition which can be found for
example in [32].

Lemma 4.3.4. Let F' C R" be non-empty and closed and let Q = R"\F. Then there exists a
collection of cubes F = {Q1,...,Qk,...} so that

(i) UkQy = €,
(i1) the Qp are mutually disjoint and
(111) diam Qp < d(Qg, F) < 4diam Qi for every k € N.

Moreover there exists 1 < b, such that if Q} denotes the cube which has the same center
as Qp but whose side length is (1 + b) times the side length of Qy, then these cubes satisfy
UrQr = UrQj and the cubes {Q}} have the bounded intersection property.

Proof. We let Qp be the set of all cubes with side length 1 and whose corners are in Z™.
Then we let Q; = 271Q be the cubes with side length 2-! and whose cornes are in (2_12)”.
The diameter of the cubes in Q; is /n27!. Now we let Q = U where O = {x €
Qly/n2~* < d(x, F) < v/n27'*2} and we define
Fo=Uez{@Q € Q|Q Ny # 0}.

For Q € Fp, eg. Q € Q; and x € Q N €Yy, we have

d(Q,F) < d(z,F) < /n27"% = 4diam Q (4.93)
and

d(Q,F) > d(z, F) — diam Q > v/n2 ! — /n27! > diam Q. (4.94)

This proves (7ii) of the Lemma for all cubes in @ € Fy and shows in particular that @ C €.
From the definition we therefore get

Q= Uger,Q. (4.95)

Next we let F be the family of the maximal cubes of Fy, i.e. all cubes QQ € Fy such that if
Q' e Fo, Q C Q= Q = Q°. Since F # () we see that every z € Q lies in at least one cube
with maximal side length. This implies that F still covers 2. The fact that the cubes in F
are mutually disjoint follows directly from the definition.

It remains to prove the last statement of the Lemma. We prove this result in three steps:
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1) If two cubes Q1,Q2 € F touch each other, then we have
1

To see this we note that since Q; € F we have d(Q1,F) < 4diam@;. This implies
d(Q2, F) < 4diam @1 + diam @1 = 5diam @, since @1 and Q2 touch. Since Q2 € F
we conclude diam Q2 < d(Q2,F) < 5diam (1. By construction we have diam Q2 =
2F diam Q1 for some k € Z, and therefore diam Q2 < 4diam Q;. The other inequality
follows from symmetry considerations.

2) Let N = (12)". If Q € F then there are at most N cubes in F which touch Q.
If @ € Q it is easy to see that there are 3™ cubes (including @) which belong to Q;
and touch ). Next, each cube in Q; can contain at most 4" cubes in F which have
diameter larger than or equal to % diam Q. Combining this with (4.96) finishes the proof
of statement 2).

3) Let 0 < b < %. Then each point x € () is contained in at most N of the cubes Q7,
Qr € F.
Let Q,Qr € F. We claim that Q) intersects @ only if @ touches Q. In fact, if we
consider the union of @) with all cubes in F which touch Qy it is clear that this union
contains @} (since the diameter of the cubes touching @} are all larger than or equal
to %diam Q). Therefore Q intersects Q% only if Q touches Q. Since any point x € €2
is contained in a cube @ we see from step 2) that there are at most IV cubes @} which
contain x.

Since we also have that if @ € F then QF C Q we get Q = UgerQ* and this finishes the
proof of the Lemma. O

The key step in the atomic decomposition is the following variant of the Calderon-Zygmund
decomposition.

Theorem 4.3.5. Let f € HY(R") and let a > 0. Then there exists a decomposition f = g+,
with b ="}, by, and a countable family of cubes Cy, k € N, such that

(i) For a.e. x € R™ we have

lg(z)| < ca. (4.97)

(i1) Every function by is supported in Cy, satisfies ka by (xz)dz =0 and

o = [ W@z < [ f@)d (498)
Rn Ch

(iii) The countable family of cubes Cy has the bounded intersection property and if we set
Q= U2, Ck we have

Q={x e R"|f*(x) > a}. (4.99)
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Proof. For a > 0 and f € H'(R") we set
Q={zx eR"|f*(z) > a}

and note that Q is open. (This follows from the fact that f* is obtained by taking the sup
over smooth functions and is therefore lower-semicontinuous. Hence the set R"\Q = {x €
R™| f*(z) < a} is compact.) Next we apply the Whitney decomposition of Lemma 4.3.4 to
Q and F = R™"\Q and we denote the cubes which we obtain from this decomposition by Cy‘.
Moreover we can choose two constants 1 < a < b € R such that, if C’k and C}, denote the
cubes having the same center as Cj‘ but scaled with the factors a and b, then Q = U2, Cy,
and the family Cj has the bounded intersection property.

Next we consider a positive function ¢ satisfying

or A G, _ 11,
SECC ([_575] )7 5_1 on [ 272] .
Then we set

Tr — Ck

& = &(

), (4.100)
Uk
Where~ ¢ denotes the center of the cube Ci* and [; the length of its edges. Note that & €
CX(Ck) and & =1 on Cy‘. If we define

(@) = <2 ¢ o) (4.101)

> =1 6j(@)

it is not difficult to see that {nx} forms a partition of unity subordinated to Cr (here we use
the finite intersection property of the C‘s in order to ensure that the sum in the denominator
is finite). Moreover we observe that

Iy =10k < / M (x)dx < |Cy| = b I} (4.102)
Ck
and
C
V|| pee < I (4.103)

for every k € N, where ¢ does not depend on k.

Now for f and n; as above we define

br(z) = (f(2) — ap)mk(z), (4.104)
where

o @) f @)
B ka ne(z)de

ay

Therefore by, is supported in C} and we see that

/ by (z)dz = 0. (4.105)
Ch
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Moreover we define
9(z) = xama(@) f(2) + xa() Y ami(x). (4.106)
k=1

Next we claim that
lax| < c. (4.107)

In order to see this we note that

= f(@)pr(z)de = (f * ¢)(0),

where ¢ = W and therefore

NGRS Cn—1
_— <",
ka ne(z)d k

where we used (4.102) and (4.103) in the last step. Therefore we can argue as in the proof of
Lemma 4.2.8 (more precisely as in the proof of (4.63) with z € B¢y, (c) N Q°, the constant C
can be chosen in such a way because we consider a Whitney decomposition) to get

lak] = [(f * #1)(0)] < cf*(2) < can (4.108)

IVl <

Moreover we see that
|a| < cf*(x), (4.109)

for every x € Cf. Now we want to show that the statement (i) of the Theorem holds. In the
case x ¢ {2 we have

l9(z)| = [f(z)] < fH(z) < a, (4.110)

where we used the definition of Q. If x € 2 we have, using (4.108)
oo
l9(@)| <> laglmk < con (4.111)
k=1

Now it remains to prove statement (ii) of the Theorem.
We claim that if we have

bi(z) < cf*(z), for zeCy (4.112)
calZ'H

then we are done. To see this we estimate

/ bt () dar = / bt () da + / bt (w)da
n Cr R\ C
coleJrl

< c/ f(x dx+/ ——dx.
Ch ) re\Cy, [T — cg [T
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The last integral can be estimated by (remember a < f*(x) for = € Cy)

calP ™1 1
/ 7k’n+ldﬂf S CO&ZZ+1/ 7”4_1(1.%
R™\Cp, |z — ¢l R™\By, (cx) |z — cl
2

< caly
< ca|Cy|

<c | ff(x)dx.
Cy,

Altogether this shows that

/n bi(z)dx < ¢ : f(x)dx. (4.114)

We are left with proving the estimates (4.112) and (4.113). First we write for ¢ € T and
x € Cy

otz — y) f (W) (y)dy = /n or.0(y) f(y)dy,

Rn R

where ¢ 4(y) = nx(y)de(z — y). We estimate, using (4.103)

||V 0
Vil 4 o9 (4115

1 1

[|Vorel|Le <

(4.116)

Now we have two cases. The first one is that ¢ < [. In this situation we have that
Vi gllLe < mFr and we can again argue as in the proof of (4.63) (¢r¢ € C°(Bi(x)))
to get

SUD e SUPO<rc, | /R oro () (W)dy] < cf*(). (4.117)

In the case t > [}, we have that ||V 4|1 < IZ% and ¢y 4 is supported in By, () (remember

ne € C°(Cy)), where c is chosen such that Cj, C By, (z). Therefore we can argue as above to
get

superswpe, | [ ers Wil < cf (@) (4115)
Combining (4.117) and (4.118) we arrive at
()" (@) = supgerswpoec| [ onle =) @m(o)ds (1119)
< cf*(x). (4.120)
This implies that for x € C} we have

bjp(x) < (fm)" () + lag|ni(z) < cf*(x), (4.121)
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where we used (4.109) to get that |ag|n;(z) < |ag| < cf*(x). This shows (4.112).
We use (4.105) to get

¢i(x —y)br(y)dy =/ (de(r —y) — Pe(T — cx))br(y)dy
Rn Rn
=1 — I, (4.122)
where

1) = [ (@l =) = ane = o) Flu)m(o)dy
B(@) = [ (@ne =) = ila = a)anm ().

This time we define ¢y 4(y) = (¢e(x — y) — ¢¢(x — cx))nk(y). Now we note that [, ¢y(z —
Y)br(y)dy # 0 only if the supports of by and ¢;(x —-) intersect. This is the case if t > c|z —cg].
From this we get by the mean value theorem

U] <[m(WIIVP|lLely — ckl
Clk

) 4.123
S (1123)
Another application of the mean value theorem and (4.103) yields
Voo ()] <IVi(z —y)l + [Vir)llor(x — y) — ¢e(x — cx)]
c c cly
< - 4 Tk
—¢ntl lk i+l
c
gtnﬁ. (4.124)

Next we argue again as in the proof of (4.63) (this time applied to the function ;4 €

C°(Bgay, (ck)), where ¢ is chosen such that there exists z € By, (cx) N Q) to get
cln—i—lf*(z) Caln+1
= I ()| < & k 4.125
o= £l = Ih(o)] < P < (4.125)

n+1
where we also used that by (4.124) we have |V 4(y)| < 47 with A = — . On the

Ak ENEE

other hand Is can be estimated by

n+1
calk

|I2(l')| §C|akHCk‘|HQ/)t,¢||LOO < CW, (4126)

where we used (4.123) and (4.108). Combining (4.122), (4.125) and (4.126) we prove (4.113)
and therefore the Theorem. O

In the next Theorem we finally prove the atomic decomposition.

Theorem 4.3.6. Let f € H'(R™). Then there exists a sequence ay, k € N, of H!-atoms and
a sequence A\ € R, such that

F= Apa, (4.127)
k=1
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where the convergence is in the H'-norm, and moreover

ST Il < ellf Il any. (4.128)
k=1

Proof. For every j € Z we apply Theorem 4.3.5 to f € H!(R") and a = 2/ > 0. From this we
get the decomposition

fl@) =g () + b (z) = ¢ (z) + > _ ¥}, (4.129)
k=1

and the countable family of cubes {C,Z}k.eN. We estimate

[T ) S AT
k
<cd | fHx)de
YO
<c | fH(x)dx
OJ

= c/ f(x)dx, (4.130)
{zeR"|f*(2)>27}

where we used (4.98) in the second line, the bounded intersection property of ¥/ = UkC'i; in
the third line and (4.99) in the last step. Since f* € L'(R") we therefore conclude that

1f =&l — 0, (4.131)
as j — oo. Since by (4.97) we also know that |¢7(z)| < ¢2/ a.e. we conclude that
g’ =0, (4.132)
in the sense of distributions as j — —oo. Combining (4.131) and (4.132) we get

f=lmy o g" +limy__o g"

N —-N
= limy oo » (¢ = ¢7) + limy—oe(D (¢ — o)
j=1 Jj=0
— Z (g7t — ¢7), (4.133)
j=—00

where the convergence is in the sense of distributions. From (4.129) we have that

g (@) = ¢ () = (f(2) = V(@) = (f(2) = ¥ (x) = ¥ (z) — /" (a). (4.134)
Therefore g/t — g7 is supported in Q7 D /1. Hence we can write

[c e o

F=> > —gmi, (4.135)

j=—00 k=1
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where ni € CSO(C’IJC) is the partition of unity subordinated to {C,]C} which was defined in the
proof of Theorem 4.3.5. From (4.97) we also get for a.e. x € R"

|7 (2) — ¢’ (2)| < C27. (4.136)

Now we define real numbers
Ajr = C2|Bl], (4.137)
where C is the constant from (4.136) and Bi is the smallest ball containing ¢?, and functions

1
k() = 3—Ajk, (4.138)
g,k
where A; . is supported in C,Z and is defined by
Aj = (g7 (@) — ¢ (@) (). (4.139)

This implies in particular that a; is supported in Bi and because of (4.136) and (4.137) we
have

lajkllze < A;IQN —¢@|lz= < IBli\' (4.140)
Moreover we have that
o0 o oo
SN el D 210

Jj=—o0 k=1 j=—o00

o
=c¢ > Y{zeR"[f(x)> 2}
j=—00

00 J
=c 3 (Y M)z e RYDH > fH(2) > 2}

j=—00 k=—00
0o

<c > 2|z eRI > fr(z) > 2V}

j=—o0

<c | ff(x)dx
R

= d||fllrar (4.141)
Because of (4.135), (4.138) and (4.139) we also get that

F=> ) N (4.142)

j=—00 k=1

This would yield the desired atomic decomposition of f if we would additionally have that
Jgn aji(x)dz = 0. Since this is not true we have to modify the decomposition.
First we note that because of (4.134) and (4.139) we can write

[e.e]

Ajp(z) = V() = ¥ (@)l () = bl(z) = > _ b (2)n (). (4.143)

=1
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Then we define new functions

Bj k() ) + Z b () (4.144)

where

_ e @) f’( >d:c_

l,k - fR ]+1
n

(4.145)

This implies that

/ ijk(:c)d:p:/ Ajp(x d:}c—l—Z/ oIt ()] (z)da
n R

I (z x—oo I ()l (2)dx 3 H(2)n] (x)da
[ s =3 [ 6% @l +;/nbi ()] ()

=0. (4.146)

Moreover we have that

Sy = Dz Jon 0 @@ oty ()

. = 0. 4.147
fRn nz7+1(x)dx fR" ]Jrl SU ( )
and therefore
Y Bin=> Ajx (4.148)
k=1 k=1

This shows that (using (4.135) and (4.139))
f=> Y B (4.149)
j=—0o0 k=1

Now we have to study the numbers b;;, in more detail. Since spt bjJrl - C’JJrl we see that

bir # 0 only if CJ C’JJrl # (. This shows that spt Bj, C Bj. Next we want to show
that |Bj(z)| < 023 To show this we need to estimate |b;|. Flrst of all we note that if
cin C’lJJrl # () we have

c1 diam €} < diam €' < ¢y diam €Y.
To see this we use the properties of the Whitney decomposition (Lemma 4.3.4) to conclude
diam O/ < q(CIF! (7)) < d(CVT (97)°) < diam € + d(CY, (97)°) < ediam C5.
The other inequality follows from symmetry considerations. Hence we also have that

o] <y <el,
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where li denotes the side length of the cube C’i. Therefore if we define

(@ )
fRn j+1

we have that spt¢ C Bj C B lj+1(clj+l), where C is chosen such that Bcll{+1((flj+1) N
(1) £ 0, and (fp, ) T (2)dz > (H“) )

¢(x) =

c c
l] (ZJH) (llj+1)n+1'

IV~

Therefore we can argue as in the proof of the Calderon-Zygmund decomposition (Lemma
4.3.5) to get for z € B 1l]+1(cl7+ el (VAR
l

|b1,1| = \/ b (@) p(x)da] < e(b]T)*(2) < 2, (4.150)

where we used (4.113) (note that |z — cg+1| > clljJr1 by our choices) in the last inequality.
Altogether this shows that

|Bjs(z)] < 2 +Z |buselni () < 2. (4.151)
=1
Therefore if we define
~ 1
bjk(x) = 3—Bjk(z), (4.152)
3.k

with \;; as in (4.137), we see that spt l~)j7k C Bi, Jrn l;j,k(x)dx = 0 (here we use (4.146)) and

c2 1

4.153
S ’Bj‘ (4.153)

1Bkl <

This shows that the b; ‘s are H'-atoms and from (4.149) we get

f= Z Z)‘j,kgj,k- (4.154)

j=—o00 k=1
Together with (4.141) this proves the Theorem. O

In the rest of this section we want to show how one can use the atomic decomposition to
extend the LP-theory to the situation where the right hand side is only in H'. For sake of
simplicity we restrict ourselves to the case of the Laplace operator (for the general case see
[33]).

Lemma 4.3.7. Let I'(z) = m\ﬂg " oresp. I'(z) = ——ln(|x‘) be the fundamental
solution of A for n > 3, resp. n = 2. Defining K;;(z) = 0;0;,T(x), for every i,j € {1,...,n},
we have that
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(i) ||Kij > fllr2 < c||fll2, for every f € L*(R") and
(11) f2|y\§|x\ |Kij(z —y) — Kij(z)|de < c.

Proof. (i) is the classical L? estimate for the fundamental solution of A and can be found in
[14]. For (ii) we note that |0, K;;| < |50|++1 for every 4, j,0 € {1,...,n}. Therefore we get for
2|y| < |x| with the help of the mean value theorem that

clyl
| Kij(x —y) — Kij(z)] < 2T (4.155)
Using this we estimate
o0
/ |Kij(x —y) — Kij(x)|de < c\y]/ r2dr < c. (4.156)
2ly|<|| 2lyl
O

Now we can prove the regularity result for equations of the form Au = f € H!.

Theorem 4.3.8. Let f € H'(R") and let u € W*L(R™) be a solution of Au = f, then we
have

IV2ul| 1 gny < cl| £l gn)- (4.157)
Proof. From the above considerations it is easy to see that the result follows if we show that

1K * fllpmny < [l wnys (4.158)

for every i,7 € {1,...,n}.
To see this we first consider an H!-atom a which is supported in a ball B,.. From (i) of Lemma
4.3.7 we get that

|Kij > a7z < CHGH%Q(BT)

< ol By |llallz
C

< — 4.159
= 1B,] 159
where we used the properties of an atom. From Hélder‘s inequality we then get
1K * allLy(p,,) < [[Kij * al[r2v/[ Bz |
<ec. (4.160)
Now we note that
Kiyra(o) = [ (Ko~ 9) - Ky(o)aly)dy, (4.161)

T

where we used the cancellation property of an atom. From this it follows that
[ ial@in < [ [ Kyla ) - Ki@)a() dyds
Bgr 57‘ By
= [ e[ 1Ky ) - Ky(ldody. @162)

c
2r
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Since |z| > 2r and |y| < r we can apply (i7) from Lemma 4.3.7 to get

/ |Kij * al(x)dx < c/ la(y)|dy < c. (4.163)
BS’I‘ BT‘
Combining (4.160) amd (4.163) this shows that

/ |Kij % al(x)dz < c. (4.164)
Now we use Theorem 4.3.6 to get f = >, Agar with >, |Ax| < ¢||f|[1. Then we have

18 = Al < <3 el [ 1K anl@)da
k

<ed |
k
< cf[fllp- (4.165)

This proves (4.158) and therefore the Theorem. O

Remark 4.3.9. One can actually show that V*u € H(R™) (see [33]).
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Chapter 5

Lorentz spaces

In this chapter we study the so called Lorentz spaces. These are interpolation spaces of
the classical LP-spaces and they are very useful when one needs optimal Sobolev embedding
results.

5.1 Definition and basic properties

Definition 5.1.1. Let f : R® — R be measurable, s > 0 and let f.(s) = A¢(s) = {z €
R™|f(x)| > s}| be the distribution function of f. Then we define the non-increasing rear-
rangement f* of f by

F5(t) = inf{s > 0|f.(s) < t1. (5.1)

It is easy to see that both f, and f* are non-increasing and that f, is continuous from the
right.

Lemma 5.1.2. Let f: R® — R be measurable. Then we have:
(i) 5 < f5(t) & t < fils),
(ii) (f*)e = fu,
(iii) £ = (£.)e,
(iv) f* is continuous from the right and
(0) [ Fr@)dt = [ fo(0)dt = [y |f(@)]do and

(vi) fo(f*(t)) <t for allt > 0.

Proof. First we prove (i). For t > 0 we define M; = {0 > 0|f«(0) < t}. Then it is easy to
see that s < f*(t) = inf M, implies s ¢ M; and therefore f,(s) > t. For the other implication
in (7) we note that M; is an interval from somewhere to infinity. Moreover, since f, is right
continuous, My is left-closed if inf M; # 0. With the help of this we see that if ¢ < fi(s) then
s ¢ M, and therefore s < inf My = f*(¢). This proves (i).

For (i) we note that (i) implies that {f* > s} = (0, fi(s)) and therefore (f*).(s) =
1(0, f«(s))| = f«(s) for every s > 0.

For (iii) we use again (i) to see that {f, >t} = (0, f*(¢)) and then we argue as in the prove

o7
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of (i1).

(1v) follows from (iii) and the fact that for a measurable function g we have that g, is con-
tinuous from the right.

(v) follows again from (¢iz) and Lemma 4.1.1.

Finally (v7) follows from the continuity from the right of f,. O]

In the next Lemma we prove the Hardy-Littlewood-Polya inequality.
Lemma 5.1.3. Let f,g: R™ — R be measurable. Then we have

/ If(w)g(fﬂ)ldwé/oo fr(t)g*(t)dt. (5.2)
R 0

Proof. Using Fubini‘s Theorem we calculate

Jo b= o b 49

g/ {f > r}n{g > s}drds

(0,00)2

< [ (s >} o > shhdrds
(0,00)2

= [ w0, gu(9)drds
(0,00)2

= /(0 . Hf*>r}n{g* > s}drds

:/ (/ / drds)dt
0 0<r<f*(t) J0<s<g*(t)

- /0 (g b,
where we used that

{7 >rynfg” > sk = (0, £u(r)) N (0, gu(r))| = min(fi(r), gu(s)),
which follows from the proof of Lemma 5.1.2. O

Next we define for f : R — R measurable

P = /0 /*(s)ds. (5.3)

It is easy to see that for f € L'(R™) we have that f** is continuous, non-increasing and
f** 2 f*‘

Now we are able to define the Lorentz spaces.

Definition 5.1.4. Let 1 < p,q < oo and let f : R® — R be measurable. Then f is in the
Lorentz space LP1(R™) iff

[ P—— /0 (7 £ (8))1

1 *
Il zr.oe (mny = supsg t7 f7(2) (5:4)

1s finite.
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Next we prove the so called Hardy inequality.

Lemma 5.1.5. Let ¢ > 1,7 >0 and g : (0,00) — [0,00), then

[oe] t [e%¢)
(/ (/ g(w)du)'t " dt)o < C(/ (ug ()" du), (5.5)
OOO OOO 1 OOO 1
(/ (/ g(w)du) Tt~ dt)s < C(/ (ug(u))tu"~ du)7, (5.6)
0 t 0
Proof. First of all we note the following form of Jensen’s inequality: Suppose p is a finite

measure on the space M, f a p-integrable function and ¢ a convex function whose domain
includes the range of f, then

Ja F@®)du(t) o [y o (f () dp(t)
o( D) ) < D) . (5.7)
Now we let p(z) = |z|? and du(u) = w3~ 'du and insert this into (5.7) to get
t 7= t wu' 7 dp(u))d
([ gtwaut = | g~ dutu)
g q—1 r_g t " quq_r—l-l-% u )
<G [ atw) du 5.9
where we used that p((0,t)) = %tg. Thus we have
[ w)du)4t" ! c - —1-2 t W adu
| atwanyeta<e [T [ o) dudt
=c ug(u)) "1 13 u
= | tutw) ([ iana
= c/ (ug(u))iu""1du. (5.9)
o Jo

Finally we show how (5.5) implies (5.6). Namely we apply (5.5) to the function g;(u) =
#g(u‘l). This gives

/000(/:0 g(v)dv)is"lds = /Om(/loo g(v)dv)tt—""dt
= [T sntrauyrra

<e [ )
= c/o (vg(v))9v"dv. (5.10)

O

Remark 5.1.6. With the help of the Hardy inequality (and the fact that f** > f*) it is easy
to see that if we define the Lorentz spaces with the functions f* instead of f** we get equivalent
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norms. The only case which does not directly follow from Hardy’s inequality is the one for
q = 00. In this situation we estimate by hand to get for every t > 0

1 1 1 1 t
Gro <o =6 [ e
1 1 t 1
< supo(st £ ()6 [ 5T ds
0

= csupso(s *(s)). (5.11)

In the next Lemma we show that the Lorentz spaces are extensions of the classical LP-
spaces.

Lemma 5.1.7. Let 1 <p < oo and f: R"™ — R be measurable. Then we have

cillfllee@ny < fllpee@ny < cal|fllLp@ny  and (5.12)
1l Lree@ny = (1121 @ny- (5.13)

Proof. We calculate with the help of Lemma 4.1.1 and Lemma 5.1.2, (i)

I1£IE, =p / L f (1)t

Combining this with Remark 5.1.6 finishes the proof of (5.12). For (5.13) we calculate (using
(5.3) and Lemma 5.1.2, (v))

1l pree = suptf(2)
>0

= /OO f(s)ds
0
=11l

The next Lemma proves a duality result for Lorentz spaces.

Lemma 5.1.8. Let f € LP4(R"), g € LP"4'(R") with 1 + & =
we have

s+ 4 =1(1<p<oo) Then

/R fol@)dz < 111l agen loll o oy (5.14)
Proof. We apply Lemma 5.1.3 to get
P e
/ Fol(@)de < /0 (5 £ () (7 g (1)) . (5.15)

Hence the desired result follows from an application of Hélder’s inequality and Remark 5.1.6.
O
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In the following Lemma we prove inclusion results for Lorentz spaces.

Lemma 5.1.9. Let 1 < p,P,q,Q < o0, let Q C R"™ be bounded and let f : R® — R be
measurable. Then we have

() 1fllremny < ellfllppa@n) if ¢ <Q, 1 <p and

(ii) 121 % || fxal lran) < el F || fxallpregn i 1< p < P and g,Q are abitrary.
Proof. First we prove (i) for Q = oc.
(¢ 1 (0) (o) [ B
) ds

t 1
SC/O (s? f*(s)) - (5.16)

This proves the desired result for @ = co (using Remarks 5.1.6). For Q < oo we estimate
> 1 dt 1 _
| )25 < sup (s 1 DOl
< el flIFoa- (5.17)

where we used Remarks 5.1.6 and (5.16) in the last step. These two things prove (i). For (i)
we note first that (fxa)«(s) = [{z € Q||f|(x) > s}| < |Q| and hence (fxq)*(t) = inf{s >
0/(fxa)«(s) <t} =0 for t > |Q|. Hence we get from Remark 5.1.6

o,
1 xalln < e / 571 (fra)* (£)dt

19]
< supyo(s¥ (Fx0)*(5)) / e blgs
0
1_ 1
Qpp#
< T Il xellpre. (5.18)
p P

Since by (7) || fxallLre= < cl|fxallpre for every 1 <@ < oo and |[fxallzr1 > cl|fxal|Lra for
every 1 < g < oo this proves the desired result. O

Nex we prove:

Lemma 5.1.10. Let o < n. Then we have
Io(z) = |#|*" € Lima®(R"). (5.19)
Proof. We calculate

(T)e(s) = [{[2]*7" > s}| = [{|| < 557}

P
= WwpSa—n



62 CHAPTER 5. LORENTZ SPACES

therefore
(I)*(t) = inf{s > Ojwpsa—7 <t}
t  a=n
= (Jn) n
and
nwp " a—n
(o)™ (1) = "2t
Hence
an% a—n nw%
all o = SUpys (757 P2 = T < o
O
The next Lemma is a technical result which we need later on.
Lemma 5.1.11. Let 1 <p<oo, 1 <g< o0 and f € LP1(R"™). Then we have
o 1 q
1My = [ 7 ()P (5.20)
Proof. We define the sets
Tp(f) = {(r,5) € (0,00)°|f*(rP) > 5}
= {(r,5) € (0,00)%|fu(s) > 7P}, (5.21)

where the second equality follows from Lemma 5.1.2, (i). Using Fubini’s theorem and the
transformation formula we calculate

|7 =p [T ey tar
=g /Ooo(/of*(m(m)qldS)dr
= pq /F " (rs)7 dsdr
— pq /O 7 /0 T sy tanyds

= Oosq*1 5))7ds. )
P/O (fe(s))rd (5.22)

D=

Combining this with Remark 5.1.6 the result follows. O

Lemma 5.1.12. Let f € LL (R™). Then we have for every s >0

S

(M), (Cs) < - /{ e (5.23)

where C' depends only on n.
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Proof. Without loss of generality we assume f > 0. We set C = 5"+ 1. For every z € {M f >
C's} there exists a ball B, = B,_(z) such that

Cs|B,| < / f(x)dx < / f(x)dx + s|B.|,
B, B.n{f>s}
so that

(C—1)s|B.| < / F@)da.

B.N{f>s}

Using the covering Lemma of Besicovitch (see Lemma 4.1.3) we obtain a sequence of pairwise
disjoint balls B; = B;.(z;) € {B.|z € {Mf > Cs}} such that {Mf > Cs} C U;Bs,,(zj)-
Moreover we have

s(M[)+(Cs) = s{M f > Cs}|

< 5"y |Bj|
l

5" /
< x)dx
- C0-1 EJ: B;N{f>s} f)

< / f(z)dx.
{f>s}
U
Lemma 5.1.13. Let f € LL (R™). Then we have for every t >0
(Mf)(t) < ef™(1), (5.24)

where ¢ only depends on n.

Proof. Using Lemma 5.1.12 we have

FHOMLCL 1) < /{ oy T

< / f(z)dx
{r>£+1)}
< / t f(s)ds
= tJ?**(t),
where we used that

dx = - . * d
/{f>f**(t)} Fleyde /0 (UXtrpewp)" (et

and (fx(r>r+(0)))(8) < falmax(s, f*(?))) and therefore (fX{r>px1)})*(T) < Xrety f*(7). Al-
together this shows that

Cf(t) € {s = O[(M f)«(s) <t}
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and therefore

(M f)*(t) < CF™(t).

Corollary 5.1.14. Let 1 < p < oo and f € LP9(R"™). Then we have

1M fllLpa@ny < ellfllLpa@n)- (5.25)

Proof. This follows directly from Lemma 5.1.13 and Remark 5.1.6. This can also be proved by
combining the Hardy-Littlewood Theorem 4.1.4 and the Marcinkiewicz interpolation Theorem
5.2.1. O

Lemma 5.1.15. Let 1 <p<oo, 1 <g< oo, f € LPIYR"™) and ¥ a standard mollifier. Then
U f— fin LPI(R™).

Proof. By Luzin’s Theorem we can decompose f into a part f; which is continuous with
compact support and a part fo which has a small LP%-norm. For the part f; we apply the

classical convergence results in LP-spaces and the embedding lemma 5.1.9 to get the desired
convergence property. For fa we use the estimate

Y fa(x) < M fo(z),

which, together with Lemma 5.1.14, implies

1 % fal oo < cl[M fol|Lra < ¢l fol|Lpa

and therefore the Lemma. O

Lemma 5.1.16. Let E C R™ be Lebesque measurable. Then we have
/ 2|7 < | En. (5.26)
E
Proof. First of all we note that
/ 277" = w, R. (5.27)
Br(0)

Next we choose a ball B = Bgr(0) such that |B| = |E|. This implies |B\E| = |B|— |BNE| =
|E| — |E N B| = |E\B|. Hence we have

/ ’$|1—n S/ Rl—n:/ Rl—n S/ |$|1—n'
E\B E\B B\E B\E

Adding [ 5 |2['™" to both sides of this estimate we get

/ a1 g/ 2" < wnR = €| B|F = c| B}
E B
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Now we are in a position to prove the first main Theorem using Lorentz spaces. Namely
we show that functions whose gradient is in L™! are continuous.

Theorem 5.1.17. Let Vu € L™ (R") and B = B,(y) be a ball with = € B. Then we have
that u is continuous and

1
fu(z) — ’B‘/Bu] < ellxBVull g go- (5.28)

Proof. We assume without loss of generality that sptu is compact, z = 0 and B = B1(0).
Moreover we let T be the fundamental solution of the Laplacian on B which vanishes on 9B.
Hence we have |VI'(2)| < c|z|7".

In a first step of the proof we now assume that u € C*°. Then we can estimate

|u(0 ul < c]/ x)dx|
“m s

< c/ lz|' " x 5| Vu|da
Rn

xB|Vul
—c/ ||t~ ”(/ ds)dz
[ ]!~ d)ds
{XB\VUI>S}

< /0 (x| V)7 ()ds
< ellxs|Vull| 2., (5.20)

where we used Lemma 5.1.16 in the second last step and Lemma 5.1.11 in the last step. This
proves (5.28) for smooth functions. For general u we consider the mollifications us = ux Us
and note that by Lemma 5.1.15 we have

1V (us, = us;)l[ 21 =0, (5.30)

as 01,02 — 0. Hence the sequence (ug)s is a Cauchy sequence in L* and therefore the limit
u is continuous. O

Next we derive an improved Sobolev embedding result which is due to Poornima [26].

Theorem 5.1.18. For n > 2 we have that WH1(R?) — L%’l(R”) continuously. That is for
f € WHL(R™) we have

00 1,
/0 £ fA(6)dE < ol fllwr - (5.31)

Proof. We let ¢ : R — [0,1] be a C* function with ¢(z) = 1 for z > 1 and ¢(z) = 0 for = < 0.
Then we define fore > 0, A >0
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We have

eMz) =0 for =< A
Mz)=1 for o> A+e.

Moreover we have

c
AR
£
Now we claim that for every f € C}(R") we have

/0 12 0 FllwradA < cl|fllwrs. (5.32)

To see this we estimate

[ee] o0 o0
/0 g2 o flladA < /0 gty oA = /0 FN)dA = [[F]]11.
Moreover we have
C
V(20 NI =1(#2) 0 fVFI < “xprcsarsa) V]

and hence

00 !
c
| iwRe pllpar< [ (wsi([ ande < eVl
0 g Jrn f—e
This proves (5.32). Next we claim that for every f € C}(R") we have

/0 (F(8) " ds < cl|f]lwragn. (5.33)

To show this estimate we define f;F(s) = [{f > s}| and f; = |{—f > s}|. Since fx < I+ f;
we have

(F)"5 () < (FD)"5 () + (f7) " (s)

and hence it suffices to prove (5.33) for f;' and f, . From the classical Sobolev embedding we
know that

12 o fll, zzr < clld o fllwaa

and therefore by (5.32) we have
0 _n_ n—1
[ e 17T @) T dx < il
0o Jre
If we define ¢ = [5. |2 o f|771 (z)dz we have

& n-1
/0 (W) dA < el il
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For any A > 0 we see that
80? of — X{f>x1}
as € — 0. If we let spt f = K we also have that
92 0 fI7T < xx € L'(R).

Hence we can apply the dominated convergence theorem to get

P — /Rn Xifsar = fa (V)

and therefore
n—1

W5 = ()

Hence we get from Fatouts Lemma

A O < el il

and this shows (5.33) for f;7. The argument for f, is similar and therefore we finish the proof

of (5.33).

Combining (5.20) with (5.33) we get the desired result for f € C!(R"). Since these functions

are dense in W11 (R™) and L%’l(R”) (by Lemma 5.1.15) we finish the proof of the Theorem.
O

Remark 5.1.19. By induction we can actually prove that for every 1 < k < n we have
WHh-LY(R?) < Lu=r+1'(R™) with the corresponding estimate for the norms.

Combining Theorem 5.1.17 and Theorem 5.1.18 (resp. Remark 5.1.19) we get

Corollary 5.1.20. Every function u € W™ (R") is continuous.

5.2 Interpolation and PDE estimates

The next Theorem is the so called Marcinkiewicz interpolation theorem for Lorentz spaces
and it is taken from [34].

Theorem 5.2.1. Let 1 <rg <1y <oo, 1 <pg #p1 < oo and let T be a subadditive operator
satisfying
T flzrocs ®ny < el fllprorny ¥ f € LHR™), (5.34)
T fl poroe@ny < ellfllpragny ¥ f € L™H(R™). (5.35)

Thenwehaveforeverylgqgoo,%:17:)94-% and%zlp;oe—i—p% (0 <0 < 1) and every
f e Lra(Re)

T fllraeny < cllfllLran), (5.36)

where ¢ = c(p;, 74i,0,7,p).
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Proof. For f € L"™1(R"™) we define

FH @) = xqps ey f (@) (5.37)
and
fi(z) = f(x) = (), (5.38)
where v = i:% = %:i Now we have that
() (8) = Xgs<pe e Fo (7 () + (1 = Xgsepepr)y) fx(5)- (5.39)

Since (f*)«(s) < min(fi(s), fx(f*(t7))) for every s > 0 we see that (f1)*(I) = 0if I > 7
(because of Lemma 5.1.2, (vi)). For [ < t7 we easily calculate that

(D) < xp<my S5 (1) (5.40)
In the same way we see that
(f) () < xqpr<n () + x> (7). (5.41)
Moreover we calculate
v
1 lliras < [ 757 (5)as

<c@O)][f]lzre
<c@O|Iflzra

and

tr 0 4
illsns < (0) [ 5 sl [ s < elt) o)l
Since T is subadditive we have for almost every y that
71| = T(" + 1)) < TS G) + 1T 5w
Thus we get for [ > 0
(ITHW) > (TR W) + (TFO}  ATF W] > (RO U{TRG) > (A7 0)

and hence

H{IT )] > (T ) + (T O} <HITF ()| > (T O + T fuly)] > (Tf)* (1)}
=(T) (T D) + (T f)(Tfo)* (D)
<2l (5.42)

Therefore we have
(TF*2D) < (T (1) + (Tfe)* (1) (5.43)

Now we consider three cases:
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1) r1 <ooand g < 00
We apply (5.43) with [ =t to get

TF)L0 = /0 TN (T e
—c [T ey

1 t\*\q c > %*1 *\q
<o [ @mde [ BT @y o (5.44)
From (5.34) and (5.35) we get
175 (T11)(t) <l Il o, (5.45)
1 (TL) () <l fill . (5.46)

Hence

Tty C s dt
| sty < [ )

<cl[flZra; (5.47)

where we used (5.5) in the second last step. Moreover we estimate

[T A sy <e [T Gl

o 4 4 ot ;
Sc/o (tr w1 (/0 s lf*(ty)ds))qg
T sh dt
"‘CA (tp Pl (/t’y SsT1 1f*<3>d8))q?
:c/ooo(t;pllf*(ty)t:l)q(?
) T i ERR gdt
+c/0 (t (/ﬂ s (5)ds))S
oo d © 4 4 o 4 ]
:C/Ov (qu*(U))q;+C/O (U’f' 7"1(/ §T1 1f*(8)d$))qzu
e [
<c||fl|Lra, (5.48)

where we used (5.6) in the second last step. Altogether this finishes the proof in the
first case.
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2) 1 <ooand g =00
In the case we argue as above and get (using (5.43))

1 1 1

Y 1 1 2] 1
t7 (T F)*(1) gm‘m/ sm_lf*(s)ds+ctp_M/ st () ds
0 0
1_1 [ 14
+ ct? m/ st f*(s)ds
t

o
1 1

SO R 1.1 o
<c[|f]|proot? po/ sto T Tds 4 cef*(t7)tr prtm
0

O 11

1_ 1 1 _1_
+ | flLreot? m/ st Nds

tY

<cl|fl|re- (5.49)

3) r1 =00 and ¢ = ©
In this case we argue as above but this time we have to use that ||fi||Lec.c < f*(£7).
(Exercise!)

O

In the following we prove some PDE-estimates involving Lorentz-spaces. Before doing this
we need the following Lemma (see [19]).

Lemma 5.2.2. Let Q0 C R" be bounded with C'-boundary, let g = (g1,92) € LY(Q,R?) and
let a be a solution of

Aa=divg n Q,
a=0 on 0. (5.50)

Then we have that the operator
P(g) = Va (5.51)
is continuous between LP4(Q,R?), 1 < p < oo, 1 <q < oo, and itself.

Proof. From standard LP-theory we know that P is continuous between LP(2,R?), 1 < p < oo,
and itself. Therefore we can apply Theorem 5.2.1 to get the desired result. O

Lemma 5.2.3. Let f € LPV4(R") and g € LP>%(R"™) with p% + p% > 1. Then h = f*g €
L™ (R™) where % = p% + p%) — 1 and s is a number such that q% + q% > % Moreover we have
[Pl Lrsmry < cllfl|peran )19 Lp2.a2 mny.- (5.52)
Proof. See [41]. O
The next three theorems are taken from [19] (see also [1] and [12]).
Theorem 5.2.4. Let Q C R? be open with 0Q € C*. Let f € L'(Q) and let o be a solution of

—Ap=f in €,
=0 on 09, (5.53)

then Vo € L*»*(,R?) and
IVl 2200 () < (D121 (- (5.54)
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Proof. We consider f € L'(R?) which we obtain by extending f by 0 outside of Q and we
define

Y(x) = | K(x—y)f(y)dy,

R2
where K (z) = 5 ln(ﬁ). Then we know that
—Ap=T
in R? and
Vi = | VE@=y)f)dy.

Since f € LY(R?) = LY°(R?) and |[VK|(z —y) < meg € L** (see Lemma 5.1.10) we can

apply Lemma 5.2.3 to get that V¢ € L*»* and

VO]l p2ee < cllfller = el fllL1(e)-

Since Vi = P(V|q) we can apply Lemma 5.2.2 to conclude the proof of the Theorem. [

In the following Theorem we improve Wente‘s inequality.

Theorem 5.2.5. Let  C R? be open with C'-boundary, let f € HY(R?) and let ¢ be a
solution of

—Ap=f in Q,
=0 on 09, (5.55)
then Vi € L*1(Q,R?) and
IVellp21(g) < e f 120 R2)- (5.56)

Proof. We let

Y(z) = - K(z —y)f(y)dy,

where K (z) = 5= In(1). Then we know that

2w |z
A= f
on R2. By Theorem 4.3.8 we know that 1 € W2!(R?) with

IV9]11 < el fll-

Hence we get from Theorem 5.1.18 that Vi € L%!(R?) with

IVl L21 < | fllae-

Using again that Vo = P(Vi|q) we can apply Lemma 5.2.2 to conclude the proof of the
Theorem. O
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The next theorem is also an improvement of Wente‘s inequality. This theorem has recently
been used T. Riviere [29] in his study of Willmore surfaces.

Theorem 5.2.6. Let Q C R? be open with C%-boundary, let a,b be functions such that Va €
L?>®(Q), b€ WH2(Q) and let » be a solution of

—Ap ={a,b} in Q,
=0 on 09, (5.57)

then o € W12(Q) and
IVell2) < cllVallp2.0o )|Vl 12(q)- (5.58)

Proof. We first prove (5.58) for a,b € Wh2(Q). Let U D Q be smooth and bounded. Moreover
we let a,b € W01’2(U) be the extensions of a,b and we let 9 be the solution of

~Ayp ={a,b} in U,
=0 on OU.

Then we he have

V 22:* A
190l == [ wav
=/w{&,5}

U
- [ atw.y

U
:—/amf

U

:/ VavVyu

U

<[Vl 200 | [VE[ 21
<c||Val| 2.0 |[[VO]| L2 [V 2,

where we used Lemma 5.1.8, Theorem 5.2.5 and where W is a solution of

—AU = {¢,b} in U,
=0 on OU.

Since the extension operator is continuous from WP to WP for every 1 < p < oo we can
apply Theorem 5.2.1 to get

VYl L2y < ellVallp2.00 ()| VO]|L2(0)-
Moreover, since

—Ap=—-Ay in Q,
=0 on 09,
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we get that
IVeollrz) < IVl
< c[|Val|p2.00 () [ V]| £2(2)-

This proves (5.58) for a,b € W12(Q).

If we now only have a such that Va € L?°°(Q) we choose a sequence ay € Nyj<pcaW1P()
such that ap — a in WP(Q) for every p < 2 and ||Vag||;20 < cl|al|f2. (note that you
can’t find a sequence aj, € W12 with the above properties). Indeed you can just consider the
convolution of a with a sequence of mollifiers which are in L' and then you can apply Lemma
5.2.3 to get the desired properties. Then we have by (5.58) that the solution ¢y of

—Apy = {ag, b} in €,
=0 on 09,

is bounded in W12(€) and therefore we have that o5, — 7 weakly in W12(Q) with
IVnllL2 < c|[Val| 2.0 |[VO]| 2.
Additionally, since {ay, b} = 0,(ay0yb) — 0y(ar0,b), we have that
{ak, b} — {a, b}
in W=1P for every 1 < p < 2 and therefore
Pk — ¢

in WP for every 1 < p < 2. This shows that ¢ = 1 and finishes the proof of the Theorem. [
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Chapter 6

Regularity of geometric variational
problems

In this chapter we study the regularity of solutions of the two-dimensional geometric variational
problems which were introduced in chapter 2. More precisely we present a new result of T.
Riviére [27] in which he established the continuity of the above mentioned solutions.

6.1 Gauge transformation

The main goal of this section is to give a self-contained (modulo elliptic LP-theory) proof of
the gauge transformation result of K. Uhlenbeck [37]. This result, which was first used to
show the regularity of Yang-Mills fields in 4 dimensions, turned out to be very useful in the
regularity theory for geometric variational problems. Good references for this section are [37],
[27] and [39].

Theorem 6.1.1. There exists € > 0 and ¢ > 0 such that for every Q € L*(B?, so(m) ® A'R?)
satisfying

/32 QP <e, (6.1)
there exists ¢ € WH2(B2,50(m)) and P € W12(B2,S0(m)) such that
Ve =P 'VP+PIQP in B2
& =0 on 0B? (6.2)

VP[22 + Ellwrzsz) < cl|Q]r2p2)-
The Theorem will be a consequence of the following Lemma.

Lemma 6.1.2. Let 1 < p < 2. There exists ¢ > 0 and ¢ > 0 such that for every Q €
WP(B2, so(m) ® AN'R?) satisfying

/ Q] <, (6.3)
BZ

75
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there exists £ € W2P(B2 so(m)) and U € W?P(B?, so(m)) such that for P = eV

Vie =P 'VP+PIQP in B2 (6.4)

£=0 on 0B (6.5)

Ullwrz(p2y + [[Ellwr2(p2y < cl|Q[L2(p2y  and (6.6)
Ullw2r(2) + [[€llw2r 2y < cl|Qwrpse).- (6.7)

Proof of Theorem 6.1.1

Let Q € L?(B?, so(m) ® A'R?) satisfying (6.1) and choose Qi € WHP(B2, so(m) ® A'R?) such
that €, — Q in L?. Then we know from Lemma 6.1.2 that there exist & € W2P(B2, so(m))
and Uy € W?P(B2?, so(m)) which satisfy (6.4)-(6.7) with Q replaced by Q; and P, = eUs.
Because of (6.6) we know that P, — P weakly in W2, Since weak convergence in W12
implies convergence almost everywhere we conclude that P € W12(B? SO(m)). Moreover
(up to a subsequence) Py converges strongly in L? for every p < oo and P, v P, and P 10, P,
converge to P~'V P, respecively P"'QP in the distribution sense. Hence the first equation
of (6.2) is satisfied. The second one is satisfied because of the continuity of the trace and the
third one because of the lower-semicontinuity of the W!2-norm.

0l
Proof of Lemma 6.1.2
We introduce the set

U.c = {0 c WHP(B? so(m) ® /\1R2)|/ QP <&
B2
and there exist P and ¢ satisfying (6.4) — (6.7)}.

Since = 0 € U, ¢ it remains to show that, for £ > 0 small enough and C large enough, the
set U ¢ is both open and closed in the path-connected set

V. :={Q e WH(B? s0(m) ® /\IR2)|/ Q> < e}
BZ

The set V. is path connected because for every {2 € V. we consider the path Q; = ¢}, where
¢i(z) = tw and t € [0,1]. Since [z |U]* = [52 [Q? is an increasing function of ¢ we therefore
have a continuous path in V. connecting 0 and Q.

Next we note that the closedness of the set U ¢ follows along the same lines as the proof of
Theorem 6.1.1.

Therefore it remains to show that U, ¢ is open. For this we let Q2 € U, ¢ with the corresponding
forms P and €.

Claim:

For every a > 0 there exists § > 0 such that for every A € WHP(B2 so(m) @ A'R?) with
[[A|lwir < 0 there exists &, € W2P(B2 so(m)) and Uy € W2P(B2 so(m)) such that (P =
e)

Viey = PUIVPy 4+ Py Y (VR + APy in B
£ =0 on OB? (6.8)
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and

UM lw2p 4 [1Ex = Ellw2r < . (6.9)

If we accept this claim for a second we can continue with the proof of the Lemma. Namely,
(6.4) and (6.8) imply that

Viey = (PPy) V(PP + (PP (Q+ PAP )PPy, (6.10)

2
Since VP € WHP(B2,SO(m)) — Lﬁ(BQ,SO(m)) the map A — PAP~! and its inverse
¢ — P71(P are continuous from W1P(B2 so(m)) into itself (for example

[[V(PAP™Y)||e <c||Alwie + ¢|[AVP]|Ls
<c||Al[w1r + cHAIIL% [V P|[2

<c[[A[wrr (L + [V P]12))-

Therefore, for every 3 > 0 there exists 7 > 0 such that for every w € WP(B2, so(m) @ AAR?)
with ||w|[jy1» < 71 there exists S € W2P(B? so(m)) and v € W2*P(B2, s0o(m)) such that
(R=¢"

Vv =R 'WR+R ' (Q+w)R in B
v=0 on 0B (6.11)

Moreover we have that
1S = Ullwzr + [[v = &Ellwar < B. (6.12)

To see this we use the above continuity argument and choose S = U + Uy and v = &), the
the result follows from (6.9) and (6.10). Now we consider 8 < /e and get (since by (6.6)

VP2 + [[€llwrz < cv/E)
IVRIlz2 + [[vllnre < (e + D)V (6.13)

In order to complete the proof of the openness of U ¢ it remains to show that R and v satisfy
(6.6) and (6.7). This follows from the following

Lemma 6.1.3. There exists ¢ > 0 and § > 0 such that for every P € W??(B% SO(m)) and
¢ € W2P(B2, so(m)) satisfying (6.4) and (6.5) for some Q € WHP(B? so(m) @ A'R?) with
[ Q7 < & and

VP2 + [[¢]lwz < 0, (6.14)
then (6.6) and (6.7) are satisfied.
Proof. Because of (6.4) and (6.5) we see that & solves

A¢ = VHPTIVP +div(PTIQP) in B?
£=0 on 0B (6.15)
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Using Wente‘s inequality (Theorem 3.2.1) and standard L?-theory we conclude
V€] L2 < el VP72 + || 2. (6.16)
Multiplying (6.4) with P from the left we get
IVP||2 < e[ V][ L2 + ][] 2 (6.17)
Inserting (6.17) into (6.16) and using that ||V P||r2 < § we get
IVEll L2 < cb][VE]l 2 + c(1 4 6)[1€] 2. (6.18)

Choosing ¢ small enough we get the estimate (6.6) by combining (6.18) and (6.17).
Now it remains to prove (6.7). We consider (6.15) and use standard elliptic LP-theory to get
(we use that || fgl[Lr < c[[f]|L2]lg]ln12)

€llwes <clVEPT'V Pl + cl|Qlwro + el VPRI
<cl|IV Pl 2l Pllwzs + cllQlwis + cllPllwzo 19152 + [Vl 12 1o
<c(8+ VA Pllwzs + 2w (6.19)

Using (6.4) we get

IVP|lwie <c|léllwee + [[VEVP||e + [|V(PIQP)|| e
<c(1+|[VP[p2)ll¢llwze + cl[VE| L2 IV Pllwrre + c||Q[wre + c||[VPQ|Lr
<c(1+0)||€llw2r + (6 + V)|V P lwiw + (14 6)[|Q e (6.20)

Choosing ¢ small enough and combining (6.19) and (6.20) we get (6.7). O

It remains to prove the claim.
Proof of the claim:
We will prove the claim by an application of the implicit function theorem. In order to do
this we define the function spaces

WA (B2, so(m) = { € W2 (B so(m)| [ 1 =0}
Wy (B2, s0(m)) = {glap2lg € W' (B, so(m))},
where we define the norm of W,” (B2, so(m)) by
l9llyy10 = mi{||Gllw10|G € WHP(B?, s0(m)), Glope = g}
It is easy to check that both spaces are Banach spaces. Next we define the operator

D :W'P(B?, s0(m)) x WAP(B?, so(m)) — Z
DN U) = (div(e VVeV + e Y (Ve + N)eY), (e7YVel + eV (Ve +N)eY) - v),  (6.21)

where v is the unit normal to 9B? and

7 — {(f,g) c LP(BQ,SO(m)) % Walvp(32750(m))|/32 f= /832 g}.
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Again it is easy to check (using Stokes Theorem, Sobolev embedding and the properties of U
and \) that D is well-defined and that (remember £|yp2 = 0)

D(0,0) = 0. (6.22)

Next we have to calculate the second derivative (i.e. the linearization) of D with respect to
the second component. To do so we calculate for Q € W2P (B2, so(m)) (using £ = 0 on OB2)

2Q
ov

M|€:O = D>2D(0,0)(Q) = (AQ + VE(VQ — VRV,

o ), (6.23)

where DD(0,0) : WAP(B2, so(m)) — Z. Now we have to show that DyD(0,0) is bijective.
To do this we decompse D2 D(0,0) =T + S, where

7(Q) = (8Q,52)
S(Q) = (VHEVQ — VQV*E,0).

From standard elliptic LP-theory (see for example [39], chapter 3) it is well known that the
operator T : W5P(B2,so(m)) — Z is bijective (here one essentially has to use that the
elements in the domain have mean value zero and the integral assumption in the definition of
Z) and that moreover for every Q € Wa* (B2, so(m))

0
1Qllw2r < er([[AQI|r + Hafgllwalm) = al|lT(Q)llz (6.24)

This estimate directly gives an estimate for the inverse operator T~ : Z — WP (B2, so(m)),
namely

1T~ < e (6.25)
Next we claim that for every Q € W2P(B2 so(m))

1S(Q)llz < eVel|Qllwzs- (6.26)

Namely we have

1S(@)llz =|IV-EVQ — VOV |1
<cl|VE]|2]IV2Ql| .

Hence we can apply the following

Lemma 6.1.4. Let T,T~',S : X — Z be bounded linear operators between Banach spaces.
Suppose that T is bijective and that ||T~|||S|| < 1. Then the operator T + S is also bijective
and

_ T
T+ S) ! g”— 6.27
e I 020
- - T—12115]|
T+8) -1 < 20 (6.28)
I I L—[|T=H[[|S1]
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Proof. We have

e}

(T +S)~ Z T-L8)kr—1 = ZT

k=0

This follows because ||T-1S]| < [|T71|[|S]| < 1 and hence the series converges and is the left
and right inverse of T + S

N
O (=TS T NT + 8) =id - (-T'S)N ! — id
k=0
N
(T+8)O T H=ST™F) =id— (-ST"H)N' — id.
k=0
Moreover this also gives
I+ s < S syt = I
e L—{|T=I[1S]]
and
T+ 8)" =T < [T+ S)MIT = (T + ST
< TH211S]
_— -1 .
L—{[T=H[I]S]|

O

Altogether this shows that D2D(0,0) is bijective and hence we can apply the implicit
function theorem to get that for every A € W1P(B2 so(m)) with |[A||y1, < 0 there exists
Uy € W2P(B?, s0(m)) solving

DA\, Uy) =0
and
|Uxllw2e < a.
Defining Py = V> we get that
[Py — idm]|2r < a.

Since now div(Py 'V Py + Py H(VEE+ A)Py) = 0 and (P 'VPy + PN (VEE+ NP v =0
we can apply Lemma 3.3.1 (Whlch obviously also holds in Lp spaces) to get the existence of a
map &, € W2P(B? so(m)) such that

Viey = PUIVP 4+ P Y (VR + APy in B
EH=0 on O B>

and (using again that [[fg||z» < c||fl[L2[lgllw1r)

[[Ex] w2 < o

This proves the claim and hence the Lemma. O
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6.2

Equations of the form Au = QVu

Let B C R? be the unit ball in R%2. In this section we study the regularity properties of
solutions of elliptic systems of the form

—Au = QVu, (6.29)

where v € W12(B,R™) and Q € L?(B, so(m) ® A'R?). Before coming to the detailed study
let us give some examples for systems of the type (6.29).

1)

2)

From (3.41) we see that harmonic maps into spheres satisfy an equation of the form
(6.29) with (Q¥) = (u'Vu/ — uw/Vu?t) € L*(B, so(m) @ A'R?).

It is easy to see that surfaces with prescribed mean curvature H € L®(R3) (i.e. solutions
of (2.7)) solve a system of the form (6.29) with
0 Vi3 —Vt?
Q= —2H(u) | -V*tu? 0 Viul | € L3(B,s0(3) ® A'R?).
Viu?  —vie! 0

Harmonic maps into general target manifolds.

Here we let u € WH2(B, N), where N < R™ is a smooth and compact Riemannian
manifold without boundary. Then we know from the discussions in chapter 2 that
harmonic maps into [N are critical points of the functional

1
E(u) = 2/BVU|2dvg.

To compute the critical points of E we let ¢ € C(B,R™) with ¢(z) € Ty, N for all
x € B. Then we compute

d
0= —l|i=0F t
B (u+ t)

= —/ Aup.
B

Since this is true for all such ¢ we know that

Au 1L T,N.
Therefore if we let {v41,...,vn} be a smooth local orthonormal frame for the normal
bundle near u(z) we can write
Au(a) = > Ni(@)vi(u()),
1=n+1

where the \; are scalar functions. Using the fact that (Vu,v;(u)) = 0 for every i €
{n+1,...,m} we get
Ai =(Au, vi(u))
= div(Vau, vi(uw)) — (Vju, (drv;)(u) V")
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and hence

Moreover, using the definition of A, we see that (using that >, Vu*vf(u) = 0 for every

i)

At ==Y (Vu, (dpri) () ViF) v (u)
ik

== > V" (W) () () Va! — v} (w)(dsvi) (u) V'),
1,k,l

and hence u solves an equation of the form (6.29) with

(Qur) = O (1 (W) (dpvi) (w) V! = vf () (dsr) (u) V) € L*(B, so(m) @ N'R?).

il

Conformally invariant variational problems.
We consider the functional

Eo(u) = ;/B(\Vu|2+w(u)(8xu,8yu))da:,

where w is a C! two-form on R™ such that the L>-norm of dw is bounded. By Theorem
2.3.1 we see that every conformally invariant energy in two-dimensions can be written
in this way. The Euler-Lagrange equation of E,, can easily be computed to be

Au' + Al (u)(Vu, V) + Ny (u)0u7 0l = 0,
where /\él(u) = dw(u)(e;, ej, ) and where {e;}{;—1 . m) is the standard basis of R™.

Using that /\;-l = —)\gl we calculate

A . 1. . .
;l(u)&rujaé :Z( () — )\gl(u))VLuqu].

Combining this with the result of 3) we see that the Euler-Lagrange equation of every
conformally invariant energy in two dimensions can be written in the form (6.29) with

Qo = (] (u) (dy) () V! = vf () (ds)! () V)

il
=3 L ORw) — NV
l

€L?(B, so(m) ® A'R?).
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After having collected all these examples of systems of the type (6.29) we now state the main
Theorem of this chapter. This Theorem was only recently proved by Tristan Riviére [27] (see
also [21], [28] and [36] for related results).

Theorem 6.2.1. Let u € W12(B,R™) be a solution of (6.29) with 2 € L?(B, so(m)® A'R?).
Then wu is continuous and therefore by Theorem 3.4.1 as smooth as the data permits.

Proof. The Theorem will be proved in three steps.
Step 1:

Lemma 6.2.2. Let m € N and Q € L?(B, so(m) @ AN'R?). Let A € L*NWY2(B, M(m)) and
B € WY2(B, M(m)) be solutions of

VA - AQ=V'B. (6.30)
Then u € WY2(B,R™) is a solution of (6.29) with Q iff
div(AVu + BV+tu) = 0. (6.31)

Proof. By a direct calculation (using that divV+ = 0 and VuV+tv = —V+uVo) and using
(6.30) we get

div(AVu + BV1tu) =(VA - V1 B)Vu + AAu
=A(Au + QVu).

This proves the Lemma. O

Step 2:

Lemma 6.2.3. There exists € > 0, ¢ > 0 such that for every Q € L?(B, so(m) @ A'R?) with

/ 02de < =, (6.32)
B
there exist A € L N WY2(B,Gl(m)) and B € WY2(B, M(m)) satisfying
/ (IVA]> + |VB|?)dz + || dist(A, SOn))||3 < c/ Q] and (6.33)
B B
VA—-AQ-V+B=0. (6.34)

Proof. For Q € L*(B, so(m) ® A'R?) with [, |Q|?dz < € we apply Theorem 6.1.1 to get the
existence of P € W12(B,SO(m)) and & € W2(B, so(m)) such that £ =0 on 9B,

V¢ =P VP + PTIQP. (6.35)
and

1€l w2 +1[VPl 2 + VP72 < el 2 (6.36)
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Claim 1: There exist A € W2 0 L>°(B, M(m)) and B € W'2(B, M(m)) solving

AA=VAV*¢+VIBVP in B, (6.37)
AB = —V*YAVP ! —div(AVEPT' + VEPTY) in B, (6.38)
A
94 ) and B=0 on OB, (6.39)
ov
/ A=0. (6.40)
B

To prove this claim we apply Theorem 3.2.1 (combined with remark 3.2.4) and standard
L?-theory to get

1Al + 1| Allze < e||VE]| 2]V Al L2 + ¢l VP|| 2] [V B[z and (6.41)
1Bllwiz < el VP 2|V Al g2 + el VE] | 2| Al e + €l VE]| 2. (6.42)

Using (6.36) and choosing ¢ small enough we combine (6.41) and (6.42) to get
[Allwr2 + [|Allpee + |1 Bllw2 < €|] 2. (6.43)

The existence of the desired solution of (6.37)-(6.40) (and hence the proof of Claim 1) now
follows from a standard fixed-point argument. 3
Next we define A = A + id and we see from (6.37)-(6.40) that A and B solve

AA=VAV+¢+VIBVP in B, (6.44)
AB = —VtAVP™! —div(AVEPTY) in B, (6.45)
oA =0 and B=0 on 0B, (6.46)
ov

/ A=B| (6.47)
B

Moreover we get from (6.43) that
IV Al g2 + || dist(A, SO(m))|| L + [|Bllw2 < || 2. (6.48)

Now it is easy to see that (6.44) can be rewritten as

div(VA — AV+e —VEBP) =0 (6.49)
and hence, by Lemma 3.3.1, there exists C € W2(B, M (m) ® A'R?) such that

VA - AV+e —ViBP =V*C. (6.50)
Since by (6.46) and the definition of £ we have
9

‘V_a_
=0

(VA — AV+e —viBP) AVie v —ViBP v
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on B we can moreover assume that C'= 0 on dB. Using a rotation by 7 (one can also view
V1 as xd and then the rotation by Z is just another application of ) we see that (6.50) is
equivalent to

—VCOP ' =VtAP™! + AVEPT! + VB,
and hence, using (6.45), we calculate

—div(VOP™Y) = VEAVP ! 4 div(AVEP™) + AB
= 0. (6.51)
Claim 2: Every solution C of (6.51) with C' = 0 on dB vanishes identically.

To see this we apply again Lemma 3.3.1 and get the existence of D € WH2(B, M (m) ® A'R?)
such that

vViD=vCpP (6.52)

Since C' = 0 on 0B we easily see that %—ly) =0 on B and we can also assume that fB D =0.
Hence C' and D solve

AC =ViDVP in B, (6.53)
AD =vVCViP™! in B, (6.54)
C=0 and oD =0 on 0B, (6.55)
ov
/ D=0 (6.56)
B

From this we see that we can apply Theorem 3.2.1 for (6.53) and (6.54) (in this case combined
with remark 3.2.4) to get

IVCllz2 + VDIl g2 < (VP 2|V DIl 2 + [[VP~ [ 12][VCl 2). (6.57)

By choosing € small enough we get from (6.36) that C' = D = 0 and this shows the claim.
From (6.50) we now see that A and B solve

VA - AVte —viBP =0. (6.58)
Defining A = AP~! we see that

IVAll2 + [ dist(A, SO(m))||zee < e(|[VAlL2 + [|Allzoe [[VP 7|2 + || dist(A, SO(m)]| )
< |92, (6.59)

where we used (6.36) and (6.48). Moreover we use (6.35) and (6.58) to calculate

0=VA—AV'¢ —VIBP = VAP + AVP — APV+¢ — V1BP
= AVP — AVP + (VA - AQ —V+B)P

and therefore
VA-AQ-V*iB=0. (6.60)

This finishes the proof of the Lemma. O
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Step 3:
For every point x € B we choose a radius 7, > 0 such that fo- (@) Q|2 < &, where ¢ is the

same as in Lemma 6.2.3. In the following we write B, (x) = B. Then we can apply Lemma
6.2.3 to get the existence of A and B solving (6.30). Hence we can apply Lemma 6.2.2 to see
that

div(AVu) = VBV u = —~V+BVu  and (6.61)
V(AVu) = V%AV, (6.62)

Now we apply Lemma 3.3.1 to get the existence of a € WH2(B,R™) and 8 € WH2?(B,R™ ®
A'R?) such that

AVu =Va+ V4. (6.63)
Using (6.61) we see that o solves
Aa = div(AVu) = -V BVu. (6.64)

Now we denote by u the mean value of v on B1 and let @ € W&’Z(RQ,R’”) be the extension
2
with compact support of v — w. Then we have that Vi = Vu on Bi. Moreover we use
2
Poincare’s inequality to get

V]| 22y < cllu — HHWLQ(B%) < c[|Vul[r2(p)-

We extend B in the same way and denote the resulting map by B € Wol’z(Rz, M(m)). Then
we let & be the solution of

Ada = -V+iBVi (6.65)
on R2. Since by Corollary 4.2.13 —V+BVa € H'(R?) with
| = VEBVill3 ey < || VB||12(p)|| VUl 25

we can apply Theorem 4.3.8 to get that & € W21(R?). Since

Al —a) =0
on B% we get that a € W2’1(Bi) (harmonic functions are smooth). Next we observe that 3
solves
AB = V1AV (6.66)
and hence we can argue as before to get that § € WQ’I(B%). Therefore we see from (6.63)
that
AVu € Wl’l(B%) (6.67)
and therefore (using (6.33))
Vu € W“(B%) or u€ W2’1(B%). (6.68)

Combining this with Corollary 5.1.20 we finish the proof of the Theorem. O
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With the following counterexamples of Frehse [11] we show that one can not drop the
condition that €2 has to be antisymmetric.

Remark 6.2.4. Let u = (u1,us) € WH2(B, St C R?) be defined by

2
ui(xz) =sinlnln —,

]

2
uz(z) = coslnln —
]

then it is easy to check that u solves the elliptic system —Au = QVu with

o <(U1 + uQ)Vul (u1 + 'LLQ)VUQ)
(UQ — ul)Vul (UQ — ul)V’UQ '

So in this case ) is not antisymmetric and u is bounded but not continuous.
For uw € WY2(B,R?) given by

2
ui(z) =Inln —,
]
2
ug(z) =Inln —
]

we have that u solves the elliptic system —Au = QVu with

i Vul 0
Q_< 0 VUQ>

Here we even don‘t have that u 1s bounded.
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